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I. INTRODUCTION 
To quote Professor Krul (54)> "Civilization depends on 
the control of water in different stages of its natural 
circulation." From the standpoint of the agricultural 
research worker, that phase of the hydrologic cycle ^daich 
deals with soil-water, be it ground water, capillary water, 
or vapor, is of greatest interest. It is not the water itse]^ 
that has such importance for the agrictiltiarist, but the 
effect of the conditions within the water-soil complex on 
crop production. 
One phase of this agrohydrologic problem is drainage. 
Whereas much has been written on the need for good drainage, 
the writer is not aware of any description of what good drain­
age is beyond the general commonplace that it is the removal 
of excess gravitational water in such a fashion that optimum 
crop production results. 
One can separate the problem of what constitutes good 
drainage into two distinct parts. First, what moist\jre con­
ditions in the soil will produce the best crops, and second, 
how can the moistxire conditions in the soil be controlled? 
The first of these problems can be studied by observing crop 
responses to various drainage conditions. Such studies have 
been and are being carried out in a number of places, but 
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they have aa yet yielded surprisingly little detailed infor­
mation. The second problem can be attacked theoretically by 
mathematical formxilation of the problem imder idealized cir­
cumstances, or empirically by observing the behavior of soil 
water imder different drainage conditions, either in the 
laboratory or in the field. In this phase of the work, con­
siderable progress has been made, although the problem still 
is far from solved. 
This thesis is primarily concerned with the second one 
of the problems Just described. The design, installation, 
and operation of a field experiment intended to study ground­
water movement over tile drains will be described. The data 
obtained from this experiment will be discussed. 
Furthermore, various theoretical models will be discussed 
that have been applied to drainage problems. The assumptions 
underlying these models will be scrutinized and the most 
Important applications will be studied in detail and compared 
with each other. 
Finally, some of these analyses will be tested against 
field observations made by different investigators and the 
agreement and discrepancy between theory and actuality will 
be considered on the basis of the foregoing analyticfiJ. 
evaluation. 
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II. REVIEW OP LITERATURE 
A. Effect of Drainage on Crop Growth 
As was mentioned in the Introduction, very little informa­
tion seems to be available to evaluate the proper depth of the 
water table to stimulate optimum growth for the most important 
crops, and even less data hage been reported to determine the 
rate of drawdown required to avoid permanent damage to a crop 
if the water table occasionally rises to or near the siu>face. 
Neal (61) reported that, in his opinion, crops will not 
be harmed if the water table does not rise beyond 6 inches 
below the surface and if the rate of drop through the second 
6 inches is at least 1.0 foot per 2Li. hoxirs and the rate of 
drop through the third 6 inches at least 0.7 foot per 21; hours. 
He emphasized, however, that these figures are based on obser­
vation and not substantiated by organized research. 
Field experiments being conducted by the Iowa Agricul­
tural Experiment Station (33)> the results of which have not 
yet been published, have shown that, within undetermined 
limits, an increase in the spacing between tile lines leads to 
decreased yields. However, no conclusions can as yet be 
drawn as to the required rate of drawdown for optimum field 
use. 
A similar field experiment carried out in Hizmesota (71) 
-4-
ahowed that tile drains in Webster silty clay loam spaced 
100 feet apart or closer caused an increase in yield of sweet 
corn, field corn, and oats, but did not affect the yield of 
alfalfa hay, when compared with a drain spacing of 300 feet. 
The test data covered a five-year period and the amount of 
yield increase varied greatly from year to year. 
Bertram (3) and Kallbrunner (37) both reported that 
lowering the water table increased production from dairy 
cattle. Bertram found about a $0 per cent increase in milk 
production and a 100 per cent increase in meat production with 
a lowering of the water table from 10 to 70 cm below the sur­
face. Kallbrunner reported a doubling of the milk production, 
an increase in fat content from 2.8 to i|..3 per cent and an 
increase in weight gained when tile drains were placed at 
12 meter spacing and 120 cm depth as compared to 20 meter 
spacing and 60 cm depth. 
Goedewaagen (23) has pointed out that the water table 
also can be too low for good plant development. He cites an 
experiment where strawberry plants were transplanted into 
troughs lAiere the water table was maintained at respectively 
50, 70, and 90 cm below the sTjrface. Since the roots of the 
plants at the time of transplanting were cut off at a depth 
of 20 to 25 cm, the plants in the troughs with the lower water 
tables developed very poorly compared to those with a higher 
water table. Where the water table was more than $0 cm deep, 
the roots were not able to assimilate enough water to develop 
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properly since here the water in the rhizosphere was not 
readily enough available. On the other hand, he reported that 
the tuber yields of potatoes when grown in troughs with a con­
stant water table at 60, 80, and 120 cm below the surface were 
respectively 928, 981, and 1172 grams per plant; this trend 
was also observed in field plots, where a decline in growth 
was observed, however, when the water table dropped below 120 
cm. The data presented by Goedewaagen support the hypothesis 
that it is not the position of the groundwater level, but the 
availability of water and air to the plants and the amount of 
available water that are important. The position of the water 
table may affect these parameters but it is not necessarily an 
important factor per se. 
Other investigators have studied the effect of the height 
of the water table on various crops by means of plants grown 
in pots. Blaauw (5) is reported to have studied its effect on 
bulbs, Bertram, in the reference quoted, presented data on 
the effect of water table height on the yield of barley. When 
the water table was kept constant during the whole growing 
season at depths varying from 10 to 100 cm below the surface, 
the yield was found to increase with depth to a maximum at 90 
cm. When the water table was kept constantly at 80 cm below 
the surface except for a period of two weeks during which time 
it was varied in steps to a height of 10, 25, or 50 o® and 
again lowered slowly to 80 cm, the yields were found to be 
drastically reduced. The time chosen for this fluctuation 
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also had a pronounced effect on the yield. 
Konekamp and KSnig (50)» working in eastern Germany, 
seeded a mixture of ten grasses in I4.8 pots. Twenty-foiir had 
been filled with 6 different soils and the water table was 
maintained in these at fotir heights varying from ij.0 to I30 cm 
below the surface. The results after four years of continuous 
growth led them to the conclusion that the lower water tables 
yielded more in the tight soils, but the higher water tables 
gave better yields in sands. However, the protein content was 
found to be higher in the pots with the lower water tables 
independent of texture. Thus, the increase in protein offset 
the decrease in yield from the sands, making the lower water 
table more advantageous in all cases. The other 2I4. pots were 
also filled with six soils, but here the water table was 
fluctuated in vsufious manners. The fluctuations that were 
applied to the different pots included water tables kept at a 
constant level all during the winter season and at another 
level during the summer, as well as changes in the water table 
made after shorter periods. All changes were made abruptly 
rather than gradually over a period of time. They found their 
highest yield when the water table was kept low during the 
winter and high during the stnnmer. The lowest yield occurred 
when the water table was kept high all winter and low all 
sxnnmer. 
The only field experiment, to the knowledge of this 
writer, that was especially designed to investigate the effect 
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of the groundwater level on crop yields, is the experiment of 
Hooghoudt near Nieuw-Beerta in the Netherlands (32). Here an 
area of about 85 by 125 meters (2.63 acres) was divided into 
5 equal plots. In each plot, parallel tile drains were in­
stalled with only a 2-meter spacing. The depths of the tile 
in the 5 plots were $0, 70, 100, I30, and I60 cm respectively. 
This series of drains discharged into a sealed main which, 
step for step, became deeper as it passed the various plots. 
This depth increase was accomplished by means of masonry 
boxes. A pumping arrangement made it possible to maintain a 
constant head in the main and thus in the tile lines, so that 
the water table was maintained at depths of I4.0, 60 , 90, 120, 
and 150 cm below the surface in the successive plots. Yield 
data for the different crops grown on the experimental site 
were reported for the period from the fall of 1942 through 
the 1950 season. These data are here repeated in f\ill because 
of the inaccessible nature of the Dutch reference (Table 1). 
The water tables were maintained at the depths mentioned 
the year around until the fall of I9I4.9. Thereafter, the water 
table in the plots at 40, 60, 90, and 120 cm was raised to 40 
cm for the winter months November, December, January, and 
February to more nearly simulate actual conditions in the 
Netherlands. Also, the pumping system was emptied during 
periods of frost, causing a temporary lowering of the water 
table which was corrected as soon as thawing started. The war 
made pumping impossible during most of 19kSt hence, the water 
Table 1. 
Yields of the Crops on the Experimental Field at Nieuw-Beerta at Specific 
Groundwater Levels in the Period 
Crop Year 
Grain yield, kg/aret> 
bepth water taole 
below surface, cm 
li.0 60 90 120 1^0 
Straw yield, kg/areP 
Depth water taole 
below surface, cm 
[jO 60 90 120 1^0 
Barley 19i|.3 27.2 28.9 31.il. 27.0 26.9 1+2.5 
Green peas 19i|-3 22.6 2k.8 30*1 33*5 3i|.»6 36.8 
Tick beans 191+3 25.6 28.0 32.6 3^.2 3I+.I 1+3.6 
Winter wheat 19k3m 21.5 21.3 2i+.5 29.3 2i+.8 i+9.8 
Oats 19M+ 2i+.0 33.7 i+0.0 1+8.1 I+5.6 26.9 
Sugar beets 19i+i+ 723 796 8i+7 862 859 
Winter barley 19l+i+A5 18-5 17.7 19.7 20.7 20.6 26.1 
Summer wheat 191+5 31.5 29.3 30.9 33.5 30.5 
Green peas 1945 32.9 37.2 36.8 38.3 i+O.O i+2.7 
Green peas 191+6 7.7 17*5 19*2 19*2 19.i+ 16.6 
Caraway 19i+5A6 19.2 19.7 20.9 20.7 17.1 51-4 
Tick beans 191+6 2i+.i+ 26.9 25.6 25.5 27.9 37.0 
Stimmer barley 191+7 33.2 39.5 il.2.1 1+3.0 1+3.1+ 30.1 
Caraway 19i+6/l+7 9.0 10.8 10.6 11.2 10.6 39.6 
Summer wheat 19i+7 33.8 i+1.9 i+3.7 1+3.7 1+2.6 63*2 
Winter wheat 19i+7/p 19.8 27.3 31.9 36.5 1+1.9 1+3.1 
Oats 19i+8 29.8 39.6 i+3.1 51.9 5i+.l 53.0 
Seed potatoes 19i+8 232 259 21+5 239 2i|.7 
Colzac 191+8/1+9 27.3 31.6 31.9 32.6 3I+.6 1+8.7 
Sugar beet seed 191+9 31-9 35-1 38.5 1+1.0 1+2.6 5O.9 
Colza® 19i+9/50 11.8 15.I 15.I 15.7 11+.9 1+0.7 
Winter barley 19i+9/>0 28.5 38.- 39.- i+3.3 i+3.0 35.-
Winter wheat 191+9/50 3I.3 37.6 1+2.5 i+5.8 51.3 57.5 
i+1.2 
38.1+ 
i^5.5 
52.0 
i+3.1 
2i+.6 
53.3 
i+6.8 
25.0 
59.9 
Mf.5 
i+8.3 
35.9 
80.7 
53.1 
60.2 
57.8 
61 .i+ 
il.9.3 
1+0.-
6i+.3 
1+5.0 
i+1.2 
50.9 
67.0 
514..0 
mm «• 
26.9 
55.8 
1+2.1+ 
28.5 
60.0 
45.3 
52.9 
3i+.5 
79.6 
60.8 
56.2 
66.0 
62.0 
51.1+ 
i^3.5 
73.8 
1+1.3 
1+1.n 
80.6 
57.0 
29.3 
61.3 
43.6 
31.2 
59.9 
l+i+.O 
56.2 
35.5 
82.9 
70.6 
63.1 
67.0 
65.2 
56.5 
53.3 
76.5 
51 .i+ 
1+0.1+ 
50.1+ 
79.3 
56.9 
29.5 
58.9 
l+i+.O 
32.3 
51.3 
44.3 
51.7 
36.1 
8ii.5 
78.2 
63.9 
70.1+ 
61.9 
57.1+ 
66.7  
89.9 
I 
oa 
I 
® Prom Hooghoudt (32, p. 59). 
1 kg/are = 89.5 lbs/acre. 
® Brassica Napus L. 
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level in the 150 cm plot was too high diiring the winter and 
the water level in all other plots too low during the summer 
of that year. 
Some fertility experiments were superimposed on the water 
table treatments but these need not be discussed here. 
Hooghoudt has drawn the following conclusions from these 
data (32, p. 285): 
1. High water tables, kept stable dtiring the 
year, result in a serious depression in yield with 
most crops (particularly cereals and peas). High 
water tables only during the months from November 
to February have hardly resulted in declines in 
yield, provided the water table was sufficiently 
low again in spring. 
2. On plots with the highest water tables, it 
is possible to reduce the depression in yield by 
extra applications of nitrogen, but not so much that 
yields are attained equal to those of the best yield­
ing plots. 
3. In consequence of a stabilized water table 
during the whole year at ij.0 cm, yet, even at 60 cm 
deep, a serious deterioration of the structiu^e of 
this Dollard clay was experienced. V/hether it is 
possible to eliminate this decay by liming is being 
Investigated. Up to now the effect of it on the 
structure has been negligible. 
B. Indirect Drainage Indicators 
Since drainage concerns the removal of water from the 
soil, it is obvious that the permeability of the soil, or its 
hydraulic conductivity, is an important factor influencing 
drainage characteristics. Becaxise of difflctiltles encoiantered 
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in meastiring the hydraxilic conductivity, however, many investi­
gators have suggested that other soil properties co\ild be used 
as an index of the drainability and the need for drainage. 
One of the first investigators who proposed such a corre­
lation was Kopeck;^ (51) • He suggested that the aeration 
porosity, defined by him as the volume percentage of voids 
filled with air 21^ hours after saturation, was an index of 
drainability. Soils with an aeration porosity of 10 per cent 
or less are in need of drainage; those with a higher aeration 
porosity are not, according to Kopecky. Baver (2,p. 273) 
quoted an experiment where two soils were compared with 8.1 
and 5*9 per cert aeration porosities. The first one could 
adequately be drained with surface drainage; the second needed 
a close spacing of ditches. 
Others have developed various schemes based on the soil 
texture. Kriiger (53) > in discussing such proposals of Fauser 
and Kopecky, showed experimentally that their schemes resulted 
in differences in recommended spacings far greater than the 
differences in hydraulic conductivity for the same soils. 
Janert (3^) reported that Kraus developed a scheme similar to 
that of Fauser. SpSttle (70, p. 136), whose work will be 
reviewed in section IV, discussed a proposal of Kornella to 
determine the required drain spacing from a mechanical analy­
sis. Notwithstanding the various objections and substitute 
methods that had been proposed, Rozanski (67) reported in 1932 
that in Poland mechanical analysis was considered as the most 
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practlcal method to determine the proper drain spacing. 
Breitenbach has been quoted by Zunker (80) as well as by 
Janert as the originator of sua equation for spacing based 
on the hygroscopicity as defined by Mitscherlich [see (2, p. 
70)]. This equation, 
S = 29.5 - 18.2 log Wg , 
where S is the spacing in meters and Wg the hygroscopicity, 
was attacked by Z\mker because of the dependence of Wg on the 
parent material of the soil. He suggested instead an equation 
based on the specific surface, defined as the ratio of the 
total s'-irface of the soil particles to the surface of an equal 
weight of material made up of uniform spheres 1 mm in diameter, 
which he claimed agreed closely with the recommendations of 
ejcperienced techniciazis in eastern and central Germany. Els 
equation was 
S = 30 - 2U^/^ , 
where U is the specific surface. A relationship between the 
specific weight of the soil and the specific surface enabled 
him to write the equation as 
S = 375.3 - 133.33 s , 
where s is the specific weight. 
Janert (35) suggested that the heat of wetting could also 
be used and developed the formtila 
-12-
S = 30 - 10.96 , 
where represents the heat of wetting in cal/gram. He 
claimed that his formula was widely used in parts of Germany. 
Rothe (66) modified the hygroscopicity method of 
Breitenbach and, backing his statements with some experimental 
evidence, expressed a preference for this method over those 
of Zunker and Janert on the basis of its simplicity and low 
cost. 
Neal (61) investigated the behavior of the water table 
over four tile systems in different parts of Minnesota and on 
the basis of these studies suggested that the proper depth and 
spacing of tile drains can be correlated with the moisture 
equivalent, the plasticity or the clay content of the soil. 
He presented nomographs for the determination of the depth and 
spacing to be used in tile drainage design if the clay content, 
the moisture equivalent, or the upper or lower plastic limit 
were known. However, his data were derived from only four 
soils with very little replication within the soils. Since 
then. Roe and Park (64) have tested more than 100 soils, but 
failed to find a correlation between moisttire equivalent and 
hydraulic conductivity. 
The inadequacy of all of the proposed methods discussed 
above and the development of more satisfactory methods to mea­
sure the permeability {e.£., 36) , has greatly reduced the 
interest of investigators in such indirect indicators of 
drainability. 
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More recently, however. Van der Molen (71^.) foiand that 
permeability measurements in the newly reclaimed land of the 
Zuiderzee project in the Netherlands were unreliable because 
of fast changes in structure. He developed a scheme ^diereby 
the appropriate drain spacing could be estimated from visual 
inspection of the soil profile. He suggested that in other 
areas similar schemes could possibly be developed. 
C. Theoretical Investigations 
All mathematical solutions to ground water flow problems 
that are to be found in the literature are based on the assump­
tion that Darcy's law holds, that is, that the macro-velocity 
of flow is proportional to the hydraulic gradient. The work 
of numerous investigators has shown this assumption to be 
valid within the range of low velocities generally encovintered 
in groundwater flow problems, although it would not be valid 
at high velocities. For a detailed discussion of the validity 
of Darcy's law, the reader is referred to Muskat's text on 
fluid flow (60). 
Ptirthermore, some condition of continuity must be imposed. 
This often leads to the Laplace equation 
= 0 , 
or sometimes to the equation often referred to as the heat 
flow equation, 
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In these equations, 4 represents a potential, t a time, x a 
length, and a a constant. 
1, Steady state problems 
When a system does not change with time, i.e., when a 
dynamic equilibrium exists, one speaks of a "steady state" con­
dition. Although it is true that there are few cases in 
nature that can accurately be considered to be in a steady 
state, solutions of this type are more easily obtained than 
non-steady state solutions. Hence more progress has been made 
in that direction. 
One of the first steady state solutions reported dealt 
with the problem of the shape of the water table above equi-
distantly spaced tile lines in land overlying an impermeable 
layer. Based on the assumption that all flow is horizontal 
and the velocity everywhere proportional to the slope of the 
water table curve, it was found that the water table would have 
the shape of an ellipse, Gustaffson (26) and Zunker (80) 
credited this solution to Colding; Rothe (65) developed it 
independently. Apparently several other investigators arrived 
at this result, as Kozeny (52), who used an entirely different 
mathematical technique from the one followed by Rothe. On the 
hypothesis that the fluctuation of the water table will 
greatly increase the hydraulic conductivity, he assiamed that 
the flow through the less permeable soil below the drains 
-15-
could be neglected. 
Aronovici and Donnan (1) gave essentially the same deriva­
tion as Rothe; they also used it as an equation to determine 
the proper spacing of tile or ditch drains overlying an imperme­
able layer in terms of the discharge and the hydraulic conduc­
tivity by considering only the midpoint between drains. Hoog-
houdt (31), idio had used the same approach some I3 years earli­
er, refined the equation somewhat for those cases where the 
drains were some distance above the impermeable layer. The 
analysis of Hooghoudt is considered in detail in Section IV. 
Setinski (69) attacked the validity of the ellipse equa­
tion and proposed a solution for the problem of spacing drain 
tile based on the crack width between drains and the velocity 
of flow near the crack. His solution is of no practical value 
and his objections to the ellipse equation are unsound. He 
claimed that the spacing should not be proportional to the 
hydraulic conductivity and that increasing the depth of the 
drains required placing them closer together. 
Gardner, Israelsen and McLaughlin (22) combined the 
parallel flow hypothesis with a radial flow theory to deter­
mine the rate of flow from an artesian vein into tile drains. 
The results obtained in this manner were compared with the 
effect of vertical wells placed into an artesian vein. They 
concluded that pumping from wells would often be more economi­
cal than tile drainage. The same type of analysis was carried 
further by Parr and Gardner (17). 
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Hooghoudt (30) also applied a combination of radial and 
parallel flow to drainage problems, but he considered drains 
in soil overlying an impermeable layer at depths below the 
drains varying from zero to infinity. He found a series of 
solutions, each one applying to a somewhat different condition, 
and prepared a set of tables which enables the automatic solu­
tion of the proper equation without first deciding which equa­
tion applies. This approach is further discussed in Section 
IV. 
The dubious assximption of horizontal flowwas not used by 
Gustaffson (26) >dien he applied a Schwarz-Christoffel trans­
formation to the problem of one tile drain installed in a 
semi-infinite homogeneous soil mass that is completely 
sattirated. His solution uses an imaginary drain the same 
distance above the soil surface as the depth of the real drain; 
the Inclusion of this Imaginary drain converts the problem to 
a line sink and soxirce combination. By an extension of this 
method of Images, he succeeded in applying his solution to a 
series of parallel drains overlying an impermeable layer. 
This solution, however, in terms of elliptic functions, is 
difficult to manipulate. Kirkham had given the solution to 
this last problem several years earlier (43)> hut he did not 
publish the details until 1949 ik^)• His solution also made 
use of the method of images. It was expressed in terms of 
logarithmic, trigonometric and hyperbolic fvinctions and thus 
is much easier to apply. For a f-urther discussion of the 
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method of images, the reader is referred to Section IV. 
Kirkham has solved a ntimber of other problems concerning 
drainage of a fully satxirated soil, among which are the case 
of tile drains in land underlain by an artesian aquifer, with 
rainfall contributing to the flow and without rainfall 
(I4.O); the case of tile drains in stratified soil, the layers 
having different permeabilities (i|.6); the case of tile drains 
placed halfway in an impervious substrattim (1^) and the case 
where ditches penetrate the impervious substratum ikS)* In 
all of these cases except the last one, the solutions were 
found by means of the method of images. The last case was 
solved by a solution of Laplace's equation in terms of Bessel 
functions. 
Whereas Gustaffson and Kirkham made no assumptions that 
can reasonably be attacked as unsound, their treatment of flow 
problems as discussed above has the serious liiaitation that it 
only applies to land saturated to the sxirface. For any solu­
tion of a differential equation, the boxindary conditions must 
be known, and in the case of a soil only partly saturated the 
position of one boxandary, the phreatic surface, cannot be 
assumed as known: it must be foTind as part of the solution. 
A method of attack that msikes solutions possible when the soil 
is not completely saturated is known as the hodograph analysis. 
A hodograph is a graphical representation of the motion of a 
two-dimensional system. It consists of a plot of the velo­
cities of each particle in a system with the axos representing 
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two mutually perpendicular velocity components. The advantage 
of transforming a potential field onto a hodograph plane is 
that the boundaries take on simpler shapes. 
Vedernikov (75) seems to have been the first one to state 
the problem of drainage into parallel drains through a homo­
geneous , isotropic and semi-infinite soil mathematically. His 
solution is of the hodograph type, but the discussion in the 
reference quoted is so sketchy that this writer was oinable to 
follow it. Van Deemter (72) , vdiose extensive work with the 
hodograph method will be discussed later, has stated that he 
also was lanable to follow Vedernikov's work. 
Hamel (27) worked out some groundwater flow problems in 
detail using the hodograph method. His analysis was very 
enlightening in that it described the method of approach in 
detail, but the particular problems to which he applied it are 
not of direct interest in the field of drainage. Muskat's 
discussion (60, pp. 300-318)> which followed that of Hamel 
very closely, is probably more accessible to the American 
investigator. Breitenoder (6) also presented the details of 
the hodograph method, together with numerous examples. The 
emphasis in his work is on solutions by means of graphical 
integration. Higgins (29) prepared a bibliography of material 
valuable in the study of this type of transformation problem 
and also Kober's (14.9) Dictionary of Conformal Representations 
is a valuable aid in studying problems of this type. 
Van Deemter (72,73) again tackled the problem of parallel. 
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equally spaced drains in a homogeneous, isotropic and semi-
infinite medium. He found a complete and exact solution for 
the shape of the water table above tile drains in the case of 
constant rainfall and a constant rate of deep seepage loss or 
upward seepage due to artesian pressure. The unwieldy form 
of the solution in terms of a series of simultaneous equations 
induced him to present a simplified form which he showed to 
have less than 10 per cent error in those cases that are 
likely to occxxr in practice. For open ditch drainage, he also 
developed a solution, but this one is far more restricted in 
that it applies only to a water-free ditch of rectangular 
cross section. Gustaffson (26) , using essentially the same 
approach, had found one particular case of the tile drainage 
solution as given by Van Deemter somewhat earlier. Van 
Deemter's analysis is treated in detail in Section IV. 
It should be remarked at this point that Vedernikov (76) 
has published a treatise on groundwater flow in Russian in 
which he presented the solutions to numerous drainage problems. 
A hasty examination Indicated that he probably found several 
of the solutions here credited to Kirkham, Gustaffson and 
Van Deemter some time before their contributions were 
published. 
Also Davidson and Rosenhead (13) have worked with the 
hodograph method. In their paper, they presented the solu­
tions to three groundwater flow problems, one of which con­
cerned drainage by three parallel tile drains. 
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Another method that has been used to solve problems of 
tile and ditch drainage is the relaxation method. It yields 
the distribution of potential throughout the system by 
basically simple niamerical calculations. The drain flux can 
then be calculated from the plot of equipotentials. It was 
first applied to drainage problems by Luthin and Gaskell (57). 
They determined the equipotentials for a tile system in a 
homogeneous soil overlying an impermeable layer with the 
water table at the surface. They also solved several problems 
where the soil was layered and each layer had a different 
permeability. Van Deemter (72,73) applied the method to 
various problems of ditch and tile drainage with and without 
an impermeable layer, in homogeneous and in layered soil. He 
did not assume the soil to be saturated to the surface, how­
ever, but worked with an equilibrium condition lander constant 
rainfall. The acciaracy of the relaxation method depends on 
the amount of time the computer has available. Given suffi­
cient time, any desired degree of accuracy could be obtained, 
Luthin and Gaskell compared their solutions with the exact 
solution of Kirkham (lj.2) and foxind an error of less than i|. 
per cent. The adaptation of an electrical resistance network 
to relaxation solutions, as proposed by Luthin (56), will 
increase the usability of this method considerably by materi­
ally decreasing the amount of time required in calculations. 
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2. yon-steady state problems 
Strictly speaking, Laplace's equation also applies to 
non-steady state problems, that is, to problems where the flow 
pattern changes with time. But since it was derived on the 
assumption that the fluid is incompressible, the change In 
flow pattern can only come about by a change in the botandary 
conditions, and, particularly, by a change in the dimensions 
of the flow region. This fact makes non-steady state problems 
considerably more complicated than those dealing with a steady 
state. 
Kirkham and Gaskell (i|.8) found a solution for a falling 
water table based on Laplace's equation by considering the 
problem as a successive series of steady states. Determining 
the drop of the water table in a finite but small period of 
time, T, in terms of the potential distribution, they started 
with a known pattern (soil saturated to the surface); then 
they determined the water table position at time and again 
fotind the appropriate solution of Laplace's equation. Thus, 
choosing successive time increments T2, T^, ... T^^, they fol­
lowed the water table down. They used the relaxation method 
to solve Laplace's equation for each stage. With a number of 
successive solutions to be found to solve one problem, this 
procedure was extremely time consuming. They worked out, 
however, one case for tile drains and three for ditch drains. 
As in the case of steady state flow, the asstnaption of 
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horizontal flow can yield a niamber of approximate solutions 
for non-steady flow problems. Muskat (60, pp. 363, 36i4.) has 
shown how with this assumption the condition of continuity 
can be expressed in the form of the heat flow equation, Eq. 
[1]. The first one to use this equation in connection with 
groundwater flow was Porchheimer (19)* Among the investiga­
tors that have used this approach in recent yesirs are Ferris 
(18) and Glover, as reported by Duram (15)* Ferris found an 
expression for the shape and height of the water table as a 
function of time around a single ditch drain penetrating into 
an impermeable layer. His solution, however, is mathematically 
unsOTind. Dumm, working with R. E. Glover, has also presented 
an equation for the transient shape of the water table, but 
for a series of parallel drains overlying an impermeable layer. 
Both Ferris' and Glover's analyses are more fully criticized 
in Section IV. 
Spbttle, in an elaborate treatise on drainage problems 
(70), assumed that the flow into drains was radial and the 
velocity proportional to the sine of the angle between the 
path of flow and the horizontal. Qn this basis, he determined 
the shape of the water table some arbitrary length of time 
after the land was completely flooded. (See Section IV.) 
Still another method of approach was proposed by Walker 
(78). He considered the flow of water toward two or more 
parallel drains and assumed that the velocity ccanponents at 
each point along the phreatic stirface attributable to the two 
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nearest drains were directed along the radii from these drains 
throu^ the point considered. Thence he derived an equation 
with which the depth and spacing of the drains required to 
give a specified rate of drawdown of the water table could be 
computed. This solution is reviewed in detail in Section IV. 
Kano (38)  expanded the analysis of Kozeny quoted earlier 
and applied it to a falling water table. Starting from the 
ellipse equation, he foxmd the time necessary for the water 
table to drop from one elliptical position to the next in 
terms of the porosity and the permeability of the soil and of 
the geometry of the system. 
V. 
D. Experimental Investigations 
Generally speaking, there have been three types of experi­
mental investigations concerned with saturated groimdwater 
flow: field studies, studies by means of electrical analogues 
and studies of models such as sand tanks. Whereas direct 
field studies have not been niunerous and have, with some 
exceptions, not been sufficiently replicated to be considered 
reliable, both the electrical analogue technique and the use 
of sand tanks have greatly added to the progress of drainage 
research. 
1. Steady state problems 
Weir (79) observed the height of the water table in a 
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serles of observation wells installed across a tile drainage 
system with the drains at various spacings over a period of 
time and concluded that the water table was essentially flat. 
This induced him to reject the assiunption of lateral flow and 
to substitute a hypothesis that a large portion of the water 
moved downward midway between drains and entered the drains 
from below. Unfortunately, his paper gives insufficient 
information to determine the amoxmt of upward seepage, if any, 
and the head at the outlet and thus in the tile system. Neal 
(61) also measured the water table between tile lines; his 
work was mentioned earlier (page 3). 
Kirldiam and De Zeeuw (ij.7) recorded the daily heights of 
the water table at different distances from tile and ditch 
drains spaced at distances varying from 8 to 16 meters for a 
continuous period of three weeks. They also recorded the 
daily precipitation, determined the rate of upward seepage 
and measured the permeability and the rates of discharge from 
the drains. Their data, among other things, show a definitely 
curved water table, thus differing from Weir's findings. 
Chllds (7,8,9,10) was the first one to study the flow of 
water to drain tile by means of an electric analogue. The 
analogue is based on the similarity in form of Darcy's law, 
V = Kl, to Ohm's law, I = E/R. By tracing the equipotentials 
in the proper electrical model, Chllds obtained a series of 
equipotential plots for various drainage problems. Whereas 
Chllds used a solid two-dimensional conductor, a liqaild 
-25-
conducting medltun was used by Dutz (16) when he adapted a 
three-dimensional analogue as developed by Prevert (21) to the 
problem of flow into the cracks between drain tile. 
Sand tanks have been used by numerous researchers. One 
of the first uses seems to have been an attempt to derive an 
empirical equation for the shape of the water table from sand 
tank observations of flow towards one drain installed along 
one side of the tank. This study was conducted by Gross (2ij.), 
who fitted a hyperbola to his data. 
Kirldiam (39) used a tank with coarse sand in one half and 
fine sand in the other to test the theoretical derivations of 
Gardner, Israelson and McLaughlin (22) and Parr and Gardner 
(17) which indicated that the streamline pattern was inde­
pendent of the permeability of the medium. By applying a con­
stant pressure at the bottom of the tank, Kirkham showed that 
indeed the flow pattern for artesian movement was symmetrical 
with respect to the vertical center plane when drains were 
Installed along each edge of the tank as sinks. Harding and 
Wood (28) also investigated the flow pattern resulting from 
artesian pressure in a sand tank; in addition, they kept the 
surface flooded. They showed how the surface separating the 
flow from the two sources moved up or down depending on the 
ratio of the heads of each of the sources. The effect of 
layers of different permeabilities on the flow net also was 
investigated. 
The effect of a hardpan near the drain was investigated 
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by Kirldiam {ij.3) by means of sand tank models. These tests 
showed that the discharge increased with increasing depth of 
the tiles, all other conditions unchanged, until the tile 
approached the impermeable layer. Thereafter, deeper place­
ment decreased the drain flux. 
Other sand tank experiments were carried out by 
Gustaffson (26) who varied the rate of discharge of various 
drains independently to find how the flow net would change, 
and by Donnan (U4.) who tested the validity of the equation 
developed by Aronovici and Donnan (1) referred to on page 15. 
It sho\xld be noted that, besides Donnan, Gustaffson also 
used the results of his model studies to test some of his 
analytical derivations. Kirkham used the flow nets of Harding 
and Wood as well as his own for a similar ptirpose (I4J.). In 
all three cases, excellent agreement was foimd between theory 
and experiment. 
A different type of model was used by Giinther (25), who 
studied the flow to a drain in an impermeable layer by means 
of a viscous liquid flowing between two plates spaced closely 
together. He used these studies to check the theoretical 
results obtained by Hamel with the hodograph method. 
2. Non-steady state problems 
The most reliable field study of changing water tables to 
be found in the literature is that conducted by Kirkham and 
De Zeeuw (1^.7)» Their experiment, as described on page 2if., 
-27-
lent Itself to Interpretation both as a steady state case and 
as a case of a falling water table. The authors, however, 
simply reported the data without a detailed analysis of the 
many aspects which the data represent. 
Spottle reported an early study of the problem (70) and 
presented the data reproduced here (Figure 1). The figure 
indicates that recording equipment was used to measure the 
height of the water table, Spottle did not discuss these data 
beyond the statement that the curved water tables were of the 
approximate shape expected on the basis of his theoretical 
analysis mentioned on page 22. 
Schlick (68) investigated the behavior of the water table 
over a large number of tile systems during the period 1908 to 
1916. A record was kept of the rainfall at each location and 
of the height of the water table for a number of days after 
each rain. Measurements were also made of the discharge of 
some of these systems and of the textiire of the soil. These 
extensive records led Schlick to conclude that, with the 
exception of the tight soils in south-eastern Iowa, tile drains 
in Iowa should be placed four feet deep and 100 feet apart or 
less. He also found that the drainage coefficient used in 
design should be determined separately in each case, but that 
probably the widely used value of l/ij. inch/day was too low. 
Recently, an experiment was conducted in Minnesota (71). 
Here the height of the water table over drains spaced 25, 50, 
100, and 300 feet apart was reported for a series of days 
Flgxire 1. Water Table Drawdown Data as 
Reported by Spottle (70, p. 106) for 
Pasture near Bemau am Chlemsee, 
Germany. 
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aTter a number of rains. These data have, to the knowledge of 
this writer, not been published. 
The Iowa Agricult\aral Experiment Station has a number of 
experiments which are expected to yield information on this 
aspect of the drainage problem (33), but no information has 
been published as yet. Ferris (l8) made some field tests of 
his analysis by means of the heat flow equation (see page 22) 
and claimed fairly good agreement, notwithstanding the limita­
tions of his analytical work. 
The data of Kirldiam and De Zeeuw and those from the 
Minnesota and Iowa experiments are used in Section V in a 
comparison with theoretical equations. 
Childs applied the electric analogues also to problems 
involving changing water tables (11,12). Starting with a soil 
sattirated to the surface, he determined the position of the 
water table at various time intervals after drainage started. 
Hooghoudt (31, p. i^.76 ff) studied the fall of the water 
table in sand tanks and used the data obtained to calculate 
the hydraulic conductivity of the sand by means of the 
formulae he had developed. (See page 15•) 
E. The Water Table and the Capillary Fringe 
Whereas in the foregoing pages it has tacitly been 
assumed that the water table, defined as the locus of points 
at atmospheric pressure below which the soil is satiirated, 
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forms a botandary of the flow region, it has long been recog­
nized that there is a region of saturation or near saturation 
above the water table. This region, often referred to as the 
capillary fringe, may vary considerably in thickness depending 
on the text;ire of the soil and its moisture history. Also, 
its upper boundary may be sharply defined or diffused. Even 
though, by defirition, the pressure in this region must be 
below atmospheric, the laws governing flow in saturated soil 
apply to it no less than to the region below the water table. 
As recently pointed out with renewed emphasis by Luthin and 
Miller (58), the capillary fringe may contribute significantly 
to the total flow towards drainage facilities and thus a large 
error may be introduced if the water table is considered as 
the flow boundary. Both Donnan (li^.) and Hooghoudt (31) found 
in their sand tank experiments that their equations had to be 
corrected for the capillary fringe effect in order to check 
the experimental data. 
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III. FIELD INVESTIGATIONS 
A. Purpose of Investigation 
As has been pointed out in the Review of Literature, 
numerous methods have been proposed to predict the most 
satisfactory placement of drainage facilities under various 
climatic and agronomic conditions. Very few experimental data 
have been reported, however, to support or reject these 
proposals. 
It was the purpose of the investigations that are to be 
discussed here to observe the operation of a tile drainage 
system lander controlled field conditions in order to obtain 
some of the data necessary to test the various proposed 
methods. If none of these methods proved satisfactory, it was 
hoped that an empirical criterion could be developed for the 
appropriate selection of the depth and spacing at which tile 
lines should be placed. 
The assumption was made that the soil properties affect­
ing the proper tile depth and spacing were the permeability 
and the drainable pore spaces. It also was assumed that these 
factors would be linearly related to the required depth and 
spacing so that observations on one soil type could be adapted 
to other soils. Thus it was decided to construct an enclosed 
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tank in the field where the rate of drawdown of the water 
table caused by different spacings of tile lines could be 
studied. 
B. Description of Field Laboratory 
1. The site 
The site chosen for the experiment is located in Woodbxiry 
County, Iowa, on bottom land along the Missouri River. It is 
part of a field which has about five feet of loess deposited 
over the original alluvial soil. This loess was washed down 
from the hills and carried down the drainage ditch that passes 
the field. Several times in the past the levee along this 
ditch broke through and the loess settled out when the water 
flooded the adjoining land. Whereas the original soil, mapped 
as Number k.^, is a silty clay of very low permeability, the 
overlying loess consists of a more permeable silt loam. Thus, 
there is now a field with five feet of permeable soil over­
lying a tight subsoil. 
2. The barrier 
At this site it was planned to construct a tank with four 
sides enclosed and with natural, undisturbed soil in place. 
^ This soil has been tentatively named Zook silty clay. 
After the loess deposition, the soil is known as HcPaul silt 
loam. 
The tight subsoil could then be considered as an impermeable 
layer forming the bottom of the tank. A barrier of 2I4. and 26 
gauge galvanized sheet metal was installed to a depth of six 
feet around a rectangular area 100 by 320 feet. Three by eight 
foot sheets were first made into 8 by 6 foot sheets by bending 
a one-inch strip along one side of each sheet, hooking two 
sheets together, caulking the joint with asphalt roofing cement, 
and riveting the sheets together. The 8 by 6 foot sheets were 
lowered into a 12-inch trench and nailed onto creosoted 2 by i}. 
inch posts, the joints having been caulked again with roofing 
compound. Bentonite was used to insure a seal between the 
bottom of the sheet metal and the tight soil. 
Before this sheet metal barrier was installed, a barrier 
was made of Richkraft roofing paper. About two weeks after 
installation when there was occasion to dig down along the 
barrier, it was found that the paper had largely disintegrated. 
Only where it was still exposed to the air because of incom­
plete backfilling of the trench was it still in fairly good 
condition. 
3,  The drainage system 
Inside this area (Figure 2) , fifteen tile lines were 
installed at 20-foot intervals, alternately at an average 
depth of 2 and 1|. feet. The tile was laid in a hand-crumbed 
ditch at a O./^. per cent slope. Six-inch diameter tile was 
used to eliminate the possibility of restricted flow by 
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Inadequate capacity. Pr<xn the points where the tile lines 
reached the barrier, sealed transite pipe or bell and spigot 
sewer tile was used to extend the lines into a series of five 
i|2-inch by 8-foot manholes placed just outside the barrier. 
The joints were sealed with concrete and the hole through the 
barrier was sealed with bentonite. These sealed lines allow 
the measurement of total outflow out of the tile system with­
out losses outside the barrier. For purposes of identifica­
tion, these tile lines were niombered from 1 to 15 starting at 
the south end of the field. 
The five manholes in turn are connected to a tile main 
which outlets into a sump constructed of a 7-foot diameter 
corrugated metal pipe 10 feet long. This tile main is made of 
regular drain tile laid along most of its length on gravel 
which was needed to sectire alignment. Neither the bottoms of 
the manholes nor their sides were sealed. The total discharge 
from the experimental area can therefore not be measured at 
the collector sump. 
After completion of all construction in the fall of 1952, 
the area was leveled with a road grader so that the difference 
in elevation between the two ends, originally about one foot, 
was reduced to about 0.1 foot. It was seeded to a mixture of 
alta fescue and timothy in the spring of 1953* 
I4.. Supply and disposal of water 
The presence of the drainage ditch sectires a steady water 
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supply. A 3-iJich horizontal centrifiigal Deming pump has been 
used to ptjmp water out of this ditch through a 5-iiich suction 
line crossing over the levee* Notwithstanding a suction lift 
of 21,3 feet, no difficulties have been encountered to date as 
to losing prime when a fast pumping rate was maintained. A 
plug was installed at the highest point of the suction line so 
that air could be let out when a second pump was used to fill 
the line with water out of the large stimp. This second unit, 
a three-inch Homelite pump, was also used to pxamp excess water 
out of the sump into the interceptor ditch which runs along 
the inside of the levee. 
5. Distribution of water 
• 
A sprinkler irrigation system was acquired to distribute 
the water over the land. The system was designed with the 
sprinklers placed on the vertices of 60-foot equilateral tri­
angles. With this design, two laterals $0 feet apsirt staff iced 
to give a good distribution pattern. A series of different 
nozzle sizes for n\jmber ij-O Rainbird sprinklers allows a varia­
tion in rate of application from O.15 to 0.75 inches/iiour with 
the pump and pipe sizes used. 
6. Valves for the tile lines 
Several attempts were made to find satisfactory valves to 
close off the tile lines. Finally it was decided to use 
1/8-inch steel plates with ij.-inch circular holes cut out 
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(Pigure 3), By means of rubber backing, flap valves were made 
that close automatically under pressure and may be held open 
simply by propping up the flap. To eliminate leakage at low 
pressiires, a 2-inch bolt through the flap may be used to close 
the valves securely by placing a cross bar over the bolt and 
tightening the flap against the plate. A sponge-rubber gasket 
was placed between the valve proper and the end of the tile 
lines. The valves were fastened onto the tiles by means of 
wires put through holes cut in the manholes and tightened with 
eye bolts. 
7. Recording the water table 
Water table observations were made in 3/8-lnch perforated 
pipe 14.-1/2 feet long loosely suspended in a one-inch diameter 
augered hole. They were placed in three parallel rows across 
the experimental field. Row C was at the center of the field, 
row E 20 feet to the east of the center, and row W 20 feet to 
the west. One pipe was placed half way between each two tile 
lines and a number of pipe were also installed closer to the 
\ 
lines. In addition, two pipes were placed near the west bar­
rier. The arrangement of these observation wells is shown in 
Pigtire 2. The pipes midway between tile lines are designated 
by the same number as the first tile line to the north and the 
letter E, C, W, or B, depending on their location in the east, 
center, or west row or near the barrier. The other pipes, 
placed either 2-1/2 or 5 feet from the tiles as shown on 
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Pigure 2, received the same nijmber as the last one south of 
them with primes and double primes. Thus pipe i|.'E was located 
7-1/2 feet south of and 8"W 5 feet south of 9W. A total of 
71 pipes was used. 
The water level in these wells was recorded with electri­
cal readers. Whereas the readers used were of an improved 
type, the principle of their operation was the same as that 
discussed by Luthin (55)• 
C. Operating Procedure 
To operate the system, the water table was raised to 
about six inches from the surface. It was originally intended 
to apply the water by means of the sprinkler irrigation system, 
but it was found that the infiltration rate at the site was 
extremely low. Besides, surface irrigation caused consider­
able quantities of air to be entrapped. Subsurface irrigation 
was found to be more satisfactory. Water was simply pumped 
into the large sump. It then flowed through the main into the 
smaller manholes and entered the soil through the tile lines. 
Since the flow from the pijmp could not be cut down sufficiently 
without losing prime, a surface ditch was provided to allow 
the excess water to flow back to the interceptor ditch. A 
constant head was maintained by cutting a notch in one of the 
manholes to the desired elevation. To covinteract a tendency 
for the water to flow from the shallow tile to the surface 
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through the loose backfill and cause partial surface flooding, 
this head was maintained nearly six Inches below the mean 
ground elevation. 
After the water table had reached a satisfactory level, a 
reading was taken on all water table pipes, the time at the 
beginning and end of the set of readings being recorded. Then 
the manholes were pumped empty, the valves on the tile lines 
not to be used were bolted shut and those on the lines to be 
studied propped open. At regular time intervals, a set of 
readings was taken of the water table level and simultaneously 
the discharge from the tile lines was measured by noting with 
a stopwatch the time required to fill a container of known vol-
xtme. This proced\ire was continued as long as there was water 
in the majority of the water table pipes. 
The fifteen tile lines offer a wide choice of spacings 
varying from lj.0 to 320 feet at two depths. However, as indi­
cated in Table 2, in some cases valid discharge measurements 
csinnot be made. The test runs made during the 1953 season 
were numbered chronologically and are listed in Table 3» 
D. Discussion of Field Operation 
The operation of the tank in the manner just described 
dTiring the 1953 season has revealed a number of dif ficTiltles, 
several of which are as yet unsolved. 
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Posslble 
Table 2. 
Depth and Spacing Combinations for Field Laboratory 
Spacing Tile lines open Tile lines draining 
proper width 
Nimber of 
replications 
Water 
table i:" 
shape 
40 2, 4, 6, 8, 10 
12, Ik 
80 2 ,  6 ,  10 ,  14  
Depth of 4 feet 
4, 6, 8, 10, 12 
2, 6, 10, 14 
6 
k 
5 
k 
120 2, 8, Ik 8 2 1 
160 12 
C\J H
 2 2 
200 k» Ik or — — —  1 0 
2, 12 1 0 
240 2, Ik 1 0 
320 8 8 1 1 
Depth of 2 feet 
40 1, 3, 5, 7, 9 1, 3, 5, 7, 9 8 8 
11 , 13, 15 11, 13, 15 
80 1, 5, 9, 13 or 5, 9 3 2 
3, 7, 11, 15 7, 11 
120 1, 7, 13 or 7, 13 2.5 2 
3, 9, 15 3, 9 2.5 2 
160 3, 11 or 1 0 
5, 13 — 1 0 
200 1, 11 or 11 1.5 1 
3, 13 or 1 0 
5, 15 15 1.5 1 
240 1, 13 or W»m 1 0 
3, 15 —• 1 0 
280 1, 15 ... 1 0 
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Table 3. 
List of Huns Made In 1953 Season 
Run 
no. 
Lines 
open 
Lines used 
for discharge 
measTirements 
Spacing 
feet 
Depth 
feet 
Date 
of run 
1 2, 8, Ik 8 120 k 9/14 
2 2, 4, 6, 8, 
10, 12, 14 
4, 6, 8, 10, 
12 
40 k 9/15 
3 None None Infinite - 9/16 
4 2, 6, 10, 14 2, 6, 10, 14 80 k 9/16 
5 k> 12 4, 12 160 k 9/17 
6 8 8 320 k 9/17 
7 1, 5, 9, 13 5, 9 80 2 9/22 
8^ I, 3, 5, 7, 9, 
II, 13, 15 
I, 3, 5, 7, 9, 
II, 13, 15 
40 2 9/23 
9 1, 7, 13 7, 13 120 2 9/25 
10 k, lil- None 200 k 9/25 
11 3, 7, 11, 15 7, 11 80 2 9/26 
12 2, 6, 10, 14 2, 6, 10, 14 80 k 10/7 
13 4, 12 4, 12 160 k 10/8 
11; I, 3, 7, 9, 
II, 13, 15 
I, 3, 7, 9, 
II, 13, 15 
40 2 10/9 
15 None None Infinite 10/10 
^ The last major leak through the barrier was found near 
line 8 and repaired after this run. 
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1. Cost of operation 
The time required to raise the water table was far longer 
than anticipated. It varied from about 8 hours to 30 hours, 
depending on the previous treatment. Since operation was 
stopped over the weekends, this time of initial wetting was 
especially long for the first run of any week. The resulting 
schedule required operation on a 2i4.-hours-per-day basis, 
increasing the amount of labor needed, and requiring the use 
of a generator during the night hours. Whei^eas one man was 
sufficient to look after the pump while the water was being 
raised, three men were required to make the necessary measure­
ments during discharge. The long hours of pimping at the high 
rate necessary to maintain prime also added to the expense. 
2. Deep seepage losses 
The rate of deep seepage loss was hi^. As shown by 
Figure ij., a run made September 16, 1953» with all tile lines 
closed shows a rate of drawdown due to deep seepage of arovind 
3 inches/hour. Batteries of piezometers installed in and out­
side the barrier gave confidence that not much water was lost 
by leakage through or directly arotmd the barrier. A number 
of leaks we3?e discovered where the tile lines crossed the 
barrier, but these were repaired without any noticeable effect 
on the rate of drop of the water table, as evidenced by a run 
made October 10, 1953* The excessive pumping rate and the 
AVE. OF ALL 24 EVEN NUMBERED PIPE 
A-? AVE. OF 18 EVEN NUMBERED PIPE, 44: 2 
AND 16 OMITTED 
W 0.5 
U-
UJ 
RUN #3 (9/16/53) 
RUN# 15 (10/10/53) 
2.0 
2 2.5 
150 200 250 0 50 100 300 350 
TIME - MINUTES 
Plgiire I4.. Water Table Drawdown Cvirvea for Rvuis with All Tiles Closed off. 
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fact that considerable water was lost due to seepage out of 
the manholes and the tile main made it impossible to determine 
the exact amount of water that was applied to the area. Were 
this quantity known, another check on the amount of deep 
seepage loss would be possible. 
This deep seepage loss may at least partially be accounted 
for by the abnormally dry season. Even with a very low permea­
bility of the subsoil compared to the upper strata, large 
losses can be expected if there is no water table sxirrounding 
the tank. Although no such layer has been found, it is quite 
possible that there is a highly permeable layer at a consider­
able depth. With the natural water table down as far as this 
layer, the water within the upper layers could actually be 
under tension. The permeability at the site will be discussed 
later. 
3. Soil anisotropy 
In many cases, the data show a nearly flat water table 
with the cTirvature expected in isotropic soil evident only in 
the immediate neighborhood of the tile lines. The alluvial 
soil of loess origin shows definite signs of horizontal layer-
ings which also suggests an anisotropic condition. Plat water 
tables have been observed elsewhere (79), but backpressure in 
the drains may have been the cause in that case. In the pre­
sent Instance, such an explanation is not tenable. 
If the horizontal and vertical components of the 
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permeablllty are known, anisotropic conditions pose no great 
problems theoretically. Practically, however, they require 
more accurate measurements if the vertical component is small­
er than the horizontal as is likely here. Furtheiroore, the 
measurement of these permeability components is difficult. 
i|.. Fxtrther problems 
Difficulties were encoxintered in measuring the water 
table in that the pipes tended to fill with mud. This made it 
difficult to follow the water table much''1t)elow two feet. Fre­
quent removal and cleaning of the pipes helped the situation, 
but it did not solve the problem. Burlap sacks placed around 
the pipes should provide the solution of this difficulty, but 
have as yet not been tried. 
It was found after completion of construction that the 
permeability along the north and south sides of the experi­
mental field was lower thsui it was in the center. Ptirthermore, 
d\iring subsurface flooding, the water had to travel a longer 
distance from the outside tile lines than from the others. 
Consequently, the water table rose more slowly along these 
sides than in the center. In order to save time, most of the 
drawdown runs were started when the water table had risen to 
within six inches of the sxirface along the center portion of 
the field, even thotigh it still was not that high near the 
ends. 
During the later runs, the temperature of the discharge 
'hi' 
water was periodically recorded. Whereas permeability is a 
true soil parameter, the hydraulic conductivity is inversely 
proportional to viscosity and the viscosity of water changes 
about 15 per cent for a 10® P change in temperature in the 
range generally found in the field (21, p. 110). Unfortunately, 
the importance of temperature was not recognized until fairly 
late in the season. 
E. Auxiliary Data 
In addition to the experimental runs, an effort was made 
to determine the permeability characteristics and the porosity 
of the soil. Whereas most of the hydraulic conductivity^ 
measurements were made with the piezometer method using 2>inch 
piezometers, some measurements were also obtained with the 
auger hole method and a few core samples were tested on a con­
stant head permeameter. The same cores were used for porosity 
determinations. 
1. Permeability de terminations 
Measurements of the hydraulic conductivity were made at 
^ In this thesis a distinction is made between ^ rmea-
bility, a property of the soil with the dimensions (as sq. 
cm) designated as k, and hydraulic conductivity, defined as 
the proportionality constant K in Darcy's law v = Ki and having 
the dimensions of a rate, or LT~1 (as feet/day). The two are 
related by the equation K = kpg/p,, where p, g and |jl represent 
the fluid density, the gravitational constant, and the fluid 
viscosity, respectively. 
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various depths using 2-inch diameter piezometers with a ii.-inch 
cavity. Measxarements made 2-1/2 feet deep at 22 locations 
within the area averaged 9*4 feet/day, but individual deter­
minations varied from l.i|. to i|0 feet/day. The average of 38 
sets of observations at 28 locations at depths varying from 
3.5 to i|..0 feet was 19.8 feet/day. Here the range was from 
5.2 to 56. 
The first set of hydraulic conductivity determinations 
made of the tight layer in 1953 were made just below the upper 
boTmdary of this layer at depths varying from ij..7 to 5»7 feet, 
at 6 feet and again at 7 feet. Eighteen observations at 6 
locations yielded an average of 11.5 feet/day. This value was 
of the same order of magnitude as the average of a limited 
number of observations made in 1951 • It was felt, however, 
that these measurements did not give an accurate picture of 
the actual conductivity. 
The 10-foot long piezometers that were used were diffi­
cult to drive straight into the groxmd so that many of the 
pipes came to stand loosely in the holes. Thus water could 
flow into these holes from the permeable upper strata and from 
there run freely into the cavities, resulting in a far faster 
rise of the water level in the pipes than would be caused by 
flow directly into the cavities only. Moreover, the tight 
clay formed an effective pliig on the auger so that a suction 
was created when the auger was pulled up. This suction was 
large enough to draw soil back into the tubes and thus destroy 
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the geometric arrangement upon which the E-factor necessary in 
the calculations is based. In fact, occasionally it was ob­
served that the level of the soil in the tube was raised as 
much as one foot by lifting the auger out. To alleviate the 
problem of suction, a hollow auger was made with a plug at the 
lower end which coxild be pushed down by means of a rod through 
the center of the auger shaft. This principle had been used 
before by Prevert (21, p. 98). With this instrument, it was 
felt that the proper shape of cavity could more nearly be 
approximate d. 
Using the hollow auger and taking special care in driving 
the pipes, a second set of hydratilic conductivity measurements 
was made Just into the tight layer. Six new pipes were instal­
led and three of the old pipes were used. The results of runs 
made on two different days are shown in Table 14.. 
In the field book, a notation was made for pipes d and f 
that they stood so loose in their holes that they could be 
shaken back and forth without effort. The data show clearly 
that the use of the new auger decreased the rate of inflow 
into the cavities markedly. With the exception of one reading 
on pipe g, all measurements on the newly installed pipes that 
were properly driven resulted in K-values of 1.0 feet/day or 
less. The average of these 9 observations and the two for 
pipe i is 0.53 feet/day. Lack of time made it impossible to 
replicate these measurements, but it seems reasonable to 
assume that the actual hydraulic conductivity of the tight 
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Table ij.. 
Piezometer Measxirements of the Hydraulic Conductivity 
of the Tight Layer Made with and without 
Use of the Hollow Auger 
Pipe 
desig­
nation 
K (ft/day) 
lO/b/53 
determined on: 
10/10/53 Condition of pipe^ 
a 0.80 0.80 newly installed 
b 0.80 1.0 u tl 
c 0.11; 0.21| n It 
d 2 . 0  2.1; tt " , loose 
e 2 .3  2.5 previously n 
f 6 .1  7 .3  It " , loose 
g 0.1+0 14..0 newly n 
h 0.12 0.12 ft ft 
i 0.56 0.55 previously tt 
The hollow auger was used for the newly installed pipe. 
The hollow auger was not used for the pipe installed 
previously. 
layer is near 0.5 feet/day. No reliable measurements were 
made at greater depths. 
The layered nat\ire of the soil in the experimental area 
suggested anisotropic conditions. In order to attempt to 
separate the horizontal and vertical components of the hy­
draulic conductivity, designated by and some measure­
ments were made at 2-1/2 feet without a cavity below the 
piezometers prior to excavation of the cavity. Maasland and 
Kirkham (59) have shown that the rates of inflow into the 
piezometers with and without the cavities represent two rela­
tions between and Ky, which may be used to separate one 
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from the other. 
If the hydraulic conductivity is calculated, following 
the standard procedure, for w = 0 (w represents the cavity 
length) , the formula used is 
^ E • 
Here K may be called the "apparent conductivity," R is the 
radius of the cavity and h^ and hg are the water levels in 
the tube at times t^^ and t2' In this case, the E-factor is 
simply determined from the relationship E = where D = 2R 
is the tube diameter. Maasland has shown that 
K = . 
The measurements taken with w = i;. inches may be used to 
calculate 
ln(h,/iip) 
where E is the \mknown geometric constant depending upon the 
anisotropy as well as the geometry of the hole. Dividing both 
sides of this ejq)res3lon by E, determined from the data with 
w = 0, yields E_. This value may be used to determine the 
cL 
ratio ^y means of a graph prepared by Maasland. 
Applying this procedure to sets of observations on twelve 
piezometers, rather inconsistent results were obtained as 
shown in Table 5« If the three pipes with extremely low 
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Table 5* 
Horizontal and Vertical Components of Hydraxilic Conductivity 
Calculated by the Piezometer Method at 2-1/2 Peet 
Pipe 
ntimber 
% 
feet/iiour feet/hour 
1 36.6 10.72 3'k 
2 3.1^8 4.56 0.76 
3 13.26 1.7911- 7.i+ 
k i^9.8 0.816 61.0 
5 53.6 O.kBQ 110 
6 1.26k 1.436 0.88 
7 7.58 758 0.01 
8 30.]4. 51.0 0.60 
9 17.00 l.5i^0 11.0 
10 6.68 668 0.01 
11 12.80 0.990 13.00 
12 0.210 21.0 0.01 
Average of all 
twelve pipes: 19.39 126.70 0.153 
Average excluding 
21^.21f 8.15 pipes 7, 10, 12: 2.97 
ratios are omitted, the averages = 24,214. feet/day and = 
8.15 feet/day are obtained with a ratio of 2.97. There is 
little justification for this selection beyond the fact that 
visual observation of the soil profile shows a definite hori­
zontal layering. It is most unlikely that a vertical permea­
bility 100 times the horizontal would occxir under such circum­
stances. The ratio of nearly 3 obtained in this manner would 
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Indlcate that the K-value of 9«il. feet/day reported earlier 
would represent a horizontal component = 22.2 feet/day 
and a vertical component feet/day. At 3 to Ij. foot 
depth, where K = 19•S, one would have = 46.7 and = 
15.6 feet/day. A similar attempt to measure the degree of 
anisotropy at a depth of ij. feet directly failed. 
Twelve 3-foot deep, l4.-inch diameter auger holes were 
tested within the barrier. The average hydraulic conduc­
tivity as determined from these tests was 7.9 feet/day vdiich 
compares reasonably well with the piezometer determinations 
at 2,5 feet. 
A number of 3-inch core samples were taken outside the 
experimental area but within 15 feet of the barrier. Hori­
zontal as well as vertical samples were taken at 2, 3# 
and 5 feet. They were tested for permeability on a con-
stant-head permeameter, but the results were not reliable. 
Whereas they averaged a far lower K-value than either the 
piezometer or the auger-hole method (between 0.1 and 0.2 
feet/day), the variability was very great. The ratio 
between the K-values of the slowest and the fastest core 
was greater than 200. It was hoped that, although the cores 
were not expected to give a true measure of the hydraulic 
conductivity, the ratio of the horizontal and vertical com­
ponents could be determined from them. This goal, however, 
was not accomplished. As illustrated in Figure S, a plot 
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of the hydpaiillc conductivity as determined from pairs of 
cores taken at the same place, one vertically and one hori­
zontally, at depths of 2, 3» and i; feet showed no 
correlation. 
2. Porosity measurements 
The same cores used for the hydraulic conductivity 
determinations were tested for porosity. The average porosi­
ty at a tension of $0 cm of water, determined by placing the 
saturated cores on a tension plate, was 5»l8 per cent. The 
total porosity, determined by drying the cores to 110° C, 
averaged 5^*4 cent. 
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F. Resiilts of Water Table Drawdown Tests 
The 15 test runs that were made in 1953 covered, as shown 
in Table 3 > a wide range of spacings. Recognizing the high 
rate of deep seepage loss, it was expected at that time that 
the effect of the depth and the spacing could be evaluated by 
subtracting the rate of drawdown of the water table for the 
runs with all tile lines closed from the rates observed for 
the various treatments. Therefore, the tests were continued 
as long as time and weather permitted. Since the water table 
movement may be considered as due to two separate potential 
fields, one caused by the tile system and one by the gravita­
tional pull per se, and since these two potentials are addi­
tive, the above treatment is completely justified. 
The rate of drawdown midway between tiles is shown for 
the various runs in Table 6 together with the difference be­
tween the total rate of drop and that due to deep seepage. 
Obviously, it is of no use to attempt to evaluate the effect 
of spacing on the strength of these data. The apparent greater 
effect of the i4.0-foot spacing at 2-foot depth is caused by the 
fact that no observation wells were placed at the midpoint 
between tile lines for this case. The figures reported £u?e 
for the quarter points instead. 
Several reasons may be advanced as explanations of these 
results. Most important, no doubt, is the high rate of loss. 
The effect of this deep seepage was so large that the remainder 
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Table 6. 
Rate of Drop of the Water Table Midway between Tile Lines 
R\jn 
number 
Spacing and 
depth—feet 
Rate of drop 
feet/day 
Rate of drop 
due to tile 
feet/day 
8 40 X 2 0 
Ik il.0 X 2 10.55 k'79 
7 80 X 2 9.56 3.80 
11 80 X 2 9.62 3.86 
9 120 X 2 9.72 3.96^ 
2 kO xk 
4 80 X ij. 9.22 346 
12 80 X 1|. i^.95 -0.81 
1 120 X 14. 5.88 0.12 
5 160 X k 
13 160 X ii. 7.60 1.81^. 
10 200 X k 9.27 3.51 
6 320 X [j. 
3 infinite 5 .76® mm 
15 infinite 7.01^ 
Drop at quarter points rather than midpoints. 
^ See Figure 1^. 
due to tile drainage was percentagewise greatly affected by 
experimental errors. Also, the anisotropic nature of the soil 
would cause a relatively slower rate of drawdown than an iso­
tropic medium. Thus the accuracy of meastirement needs to be 
particularly higjh. Thirdly, adverse working conditions and 
shifts of personnel tindoubtedly caused a nxamber of errors and 
inaccuracies in reading the instruments as well as in recording. 
Plots of the shape of the water table against time did 
not show a pronounced curvature in most cases. Again, both 
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the deep seepage loss and the anisotropy would tend to flatten 
out these curves so that such results were to be expected. 
One example is shown in Figure 6 which, contrary to some 
others, does show a rather clear drawdown curve. This figure 
also brings out the difficulties encountered in keeping mud 
from plTigging the water table pipes. The dotted lines indi­
cate that the pipes were plugged. 
The discharge measiirements, plotted against time, enable 
the calculation of the volume of water discharged through the 
drains dxiring given time periods. Such a calculation, based 
on run nximber I3, showed the total tile discharge from time 35 
to time 300 for the whole experimental field to be ll\2,6 cubic 
feet. This figxire was obtained by measuring the area under 
the curves of Figure 7 with a planimeter. The volume of soil 
drained during the same period, determined from Pigxire 6, was 
33,ij.OO cubic feet. Assiaming a drainable pore space of 5 P®p 
cent, the total volxxme of discharge from the experimental 
field would be 1670 cubic feet. Hence, less than 10 per cent 
of the water that left the tank was discharged through the 
tile system. 
G. Puttire Studies 
Most of the difficulties discussed in the previous sec­
tions were probably due to the extremely dry season during 
which the runs were made. It is expected that the deep 
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seepage losses will be greatly reduced when the water table 
outside the barrier is higher than it was d\iring the past 
summer. If these expectations are borne out, another series 
of drawdown runs should provide valuable data on the effect of 
spacings. 
It is recommended, however, that several changes be made 
in the operating procedure. Considering the time required to 
read the 71 water table pipes that were used in 1953» it ap­
pears that more efficient use can be made of the available 
manpower if only the center section of the field is studied. 
More water table pipes grouped closer together should, with 
the same number of men, yield better information concerning 
the shape of the water table as well as the rate of drawdown. 
Especially close to the tile lines xinder study more pipes are 
needed than have been used. Such a procedure would also re­
duce the time period necessary to complete one set of readings, 
thus simplifying, or at least improving the accuracy of the 
analysis. 
The use of burlap bags around the pipe will reduce the 
degree of silting in and enable following the water table 
farther down. 
More permeability measurements are needed, especially at 
depths greater than 5 feet. It is advisable that these be 
made outside the experimental area as far as possible. This 
will reduce the number of holes in the impermeable layer, and 
to date there is no conclusive evidence that this layer is 
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thicker than 0.5 feet. 
Use of the 8-inch tube method together with the 2-inch 
piezometer method with a l4.-inch cavity should yield more 
reliable data concerning the anisotropic natiire of the soil. 
If a better vegetative cover will increase the infiltra­
tion rate sufficiently, the irrigation system can effectively 
be used to study steady state conditions. This type of study 
would enable a valuable check of the theory as developed by 
Van Deemter and others (see Section IV) as well as the data of 
Childs obtained from electric analogue studies (7,8,9). 
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IV. EVALUATION OP SOME EXISTING SOLUTIONS 
TO DRAINAGE PROBLEMS 
As was brought out in the Review of Literatiire, niunerous 
mathematical solutions to specific drainage problems have been 
proposed. Some of these solutions are but poor approximations 
of the actual cases, some are good approximations, and others 
are exact if the ass\aaption of homogeneity is accepted. 
In the following discussion, the assumptions underlying 
a number of these solutions are critically examined as well as 
the subsequent analyses leading to the solutions. No such 
evaluation has been found in the literature and it is hoped 
that the present discussion will help in determining the use­
fulness of the many types of analyses that have been proposed. 
A. The Dupxiit-Porchheimer Theory 
1. The assumptions 
The Dupuit-Forchheimer theory of gravity-flow systems is 
based on assumptions which, if carried through consistently, 
lead to an absurdity. Its use, however, is wide-spread and, 
if the limitations of the xmderlying assumptions are thoroughly 
xmderstood, can in some cases lead to valuable solutions of 
far simpler form than would be obtained by a rigorous analysis 
-62-
based solely on Darcy's law and the Laplace equation. 
The two basic assumptions, apparently due to Dupult [see 
Muskat (60, p. 359)]> are (a) that all stream lines In a 
system of gravity-flow towards a shallow sink are horizontal, 
and (b) that the velocity along these streamlines Is propor­
tional to the slope of the free water surface, but Independent 
of the depth. 
Considering a satiirated soil column above an ImpervloTis 
layer of base AxAy and height h(x,y) In dynamic equilibrium 
(Plgtire 8), the condition of continuity may be written as 
v^{x,y)h{x,y)Ay 
x+Ax 
[2] 
+Vy(x>y)h(x,y)Ax 
y+Ay 
-Vy{x,y)h(x,y)Ax = 0 
if the liquid is assumed to be incompressible. Here and v^ 
refer to the velocity components in the X and Y directions 
defined by Figure 8. Dividing by AxAy, and going to the limit 
when Ax and Ay both approach zero, this relation reduces to 
+ Ty = ° • [3] 
The second Dupult assumption implies that 
rr d h _ _ ~ a h 
^7 [4] 
if K represents the hydraulic conductivity. Combining 
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Eqs. [3] and [ij.], and remembering that 
^ (2h -^) 
3 
t 
there results 
- 0 r"! 
—^ + —2 " • [5] 
This equation, due to Forchheimer (19), is identical in form 
to the Laplace equation in two dimensions, so that the same 
methods of solution can be applied to both. 
Consideration of the Dupuit assumptions, however, shows 
that they imply that there is no flow. For, by the definition 
of potential in tenas of the vector velocity (i,»e.«, v = -V^), 
^ -V s= -V = -V • d X X ' 9y y ' e)Z z * 
differentiation of these relations shows that 
^ v» _ Sv^ SVy _  
•a z ~ ' "d z " ay 
But the assumption of horizontal flow requires that 
a V sv 
- = 0 , 
B Z 9 Z 
SO that the velocity in the vertical direction must be con­
stant in a horizontal plane. Since it will vanish at those 
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points where the flow is horizontal (such as along the outer 
wall of a vertical well), it will vanish everywhere. That 
requires that the slope of the free surface be zero everywhere 
and, according to Dupuit's second asstaaption, that all velo­
cities be zero. Hence, a rigid analysis based on the Dupuit 
assumptions leads to the absurdity that there can be no gravi­
tational flow. 
Muskat (60, p. 317) has shown that, notwithstanding the 
serious limitations of the Dupuit-Forchheimer theory, remark­
ably accurate resxilts are obtained when it is used to deter­
mine the fliax towards a well or through a dam, but that the 
shape of the free surface and the velocity distribution are 
generally greatly in error as determined by comparison with 
more exact theoretical solutions. Muskat has rejected the 
theory entirely and credited the success of the flux determina­
tion to "fortuitous coincidence" rather than to reasonable 
approximations. 
Vfhereas the above discussion was restricted to steady 
state flow, the Dupuit-Forchheimer theory has also been 
applied to non-steady state problems (£.£., 15)- The condi­
tion of continuity, derived by replacing the right hand side 
of Eq. [2] by 
•p ^ ^  
3 t 
where f is the porosity, must then be written as 
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KfTlE ^Ty TT • [6] 
If h is replaced by d + z where d represents the constant 
depth of the impervious layer below the reference plane, and 
if d >» jzl so that z may be neglected in comparison to d, this 
expression can be simplified to 
, d^z _ f 3 2 rf-, 
77 ^ 77 - la • 17) 
2^* [7], Just as Eq. [1], is often referred to as the heat 
flow equation, since it is identical in form to the differen­
tial equation that applies to heat flow problems. 
Eq. [7] is of course no better than Eq. [$] since it is 
based on the same assTimptions. However, both equations can be 
expected to yield reasonably accurate resTilts if they are ap­
plied to problems where the region of flow is of large hori­
zontal extent relative to the depth, for in such cases the 
streamlines through a large part of the region will be 
approximately horizontal• 
2, The ellipse equation for the steady state water table 
a. Derivation of ellipse equation. Whereas the follow­
ing derivation has been used by numerous investigators (see 
pp. lij., 15) » Eooghoudt's reasoning OD will be followed here. 
Reference is made to Figure 9, which represents a 
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homogeneous soil underlain by an impermeable layer and drained 
by parallel, vertically walled open ditches. Assuming that a 
time-constant rate of rainfall is removed equally well at all 
distsuaces from the drains, the rate at which water crosses a 
vertical plane at any value of x, q^, can be expressed as 
vdiere is one-half the total discharge of each drain per 
unit of length and S is the spacing between drains. Prom the 
Dupuit assximptions it follows that 
= - „^ = yK g . [9J 
Equating the two expressions for q^ and separating the vari­
ables, one obtains the differential equation 
ydy = {2Q^/SK) {S/2-x) dx [10] 
which can be integrated from x = 0 and y = h^ to x = x and 
7 = 7'-
y^ - h^ = (2Qj^/SK) (SX - x^) . [11] 
Here h^ represents the height of the water surface in the 
drain above the impermeable layer. 
This is the equation of an ellipse. By substituting the 
values X = S/2 and y = Hq for the midpoint between drains, it 
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can be used to determine the proper spacing for given values 
of Qt, K, E^, and h^. The relation obtained is J.' ' o' o 
Also, Qt, h^, and S could be measured in the field and the 
' J.» o' o 
equation used to determine K. 
b. Applicability of ellipse equation« If the theory is 
restricted to the case considered in the preceding analysis, 
that is, to ditches that are shallow compared to their spacing 
and penetrate to an impermeable layer, the assumption of hori­
zontal flow appears to be a reasonable approximation; although 
the flow near the midpoint between drains must be essentially 
vertical, the streamlines through the greater part of the flow 
region will be approjcimately horizontal. However, there 
remains the implicit assumption that the water table would 
reach the ditch at the height of the ditch water level, ignor­
ing the existence of a surface of seepage. Muskat (60, p. 289) 
has shown that a surface of seepage must exist to avoid an 
infinite velocity at the point where the water surface in the 
ditch touches the ditch wall. 
Considering Muskat's findings concerning the inaccuracies 
of the Dupuit-Forchheimer free surface shape in dams, and also 
the equations as developed by Van Deemter^ for the shape of 
^ Van Deemter's work is discussed on pp. 116-145* 
[12] 
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the water table over tile lines, there is ample evidence that 
Eq. [11] is but a poor approximation of the actual case. 
Eq. [12] , however, has been tested by means of various sand 
tank experiments and has been found to agree quite accurately 
with the tank observations {31 > 1^4-) • 
The ellipse equation has also been used for ditches that 
do not quite penetrate to the xmderlying tight layer. In such 
cases, the flow near the ditch will not be approximated as 
well by the assumption of horizontal flow, for then the flow 
lines must converge in order to reach the drain. Hooghoudt 
(31, p. 1^-95) lias presented a refinement which does not take 
into account this convergence effect, but does allow for the 
longer path that part of the water must follow. If the bottom 
width of the ditch is b and the distance from the ditch bottom 
to the impervious stratiim r, the average streamline below the 
ditch will be longer than the half spacing by about (r+b)/2. 
Since the proportion of streamlines below the ditch can be 
approximated by r/ii^, the average length of streamline would 
be, instead of s/2, 
S/2 + r(r+b)/2h^ . 
Substitution into Eq. [12] gives 
S = 2K{H^ - h^)/Q - r(r+b)/h^ 
for the corrected spacing. 
If the impermeable layer is at a considerable depth below 
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the bottom of the ditches, the effect of convergence of flow 
towards the drains becomes too large to be ignored. Hooghoudt 
substituted a radial flow method of analysis in this case, and 
worked out a method combining radial and horizontal flow for 
intennediate conditions. 
Whereas the above discussion was restricted to open ditch 
drains, the ellipse equation has also been applied extensively 
to tile drains. Substitution of a tile drain for the open 
ditch introduces little additional error and, if restricted to 
conditions with a tight layer near the tile, the hei^t of 
the water table midway between drains may be expected to be 
determined fairly closely by this procedure. Some investiga­
tors, however, have not paid any attention to the relative 
position of such a tight layer. Aronovici and Donnan (1), for 
example, did not discuss its implications. Rothe (65) applied 
the analysis to a homogeneous soil of infinite depth by 
assuming that all flow takes place above the plane through the 
drain axes. Inspection of Gustaffson's Figure 15 (26, p. 45) 
shows that, when the water table is at the surface, nearly 
one-half the flow towards parallel drains passes below the 
plane through the drain axes. For the steady state condition 
considered by Rothe, this portion would be even greater. 
c. The ellipse equation with flow in the capillary 
fringe. Both Hooghoudt and Donnan found that, in order to 
msdce the data from sand tank experiments agree with Eq. [12] , 
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they had to add the height of the capillary fringe to the 
values found for and h^. This procedure can be justified 
in the following manner. 
The capillary fringe is a region of less than atmospheric 
pressure. Thus, its presence does not alter the botuadary con­
ditions of the flow region with respect to the potential 
distribution. However, the region of flow becomes larger by 
a constant aino\mt equal to the height, w, of the capillary 
fringe. Therefore, Eq. [8] still holds but Eq. [9] must be 
changed to read 
= (y + w) K dy/dx . 
Then, the differential equation becomes 
(y + w)dy = (2Q/SK) (S/2 - x)dx . 
Integrating from x = 0 to x = s/2 and from 7 = h^ to y = H^, 
one obtains 
QS/2K = + 2w(Hj, - h^) , 
which may be written as 
QS/2K = (Hjj + w)^ - (h^ + w)^ . 
Hence, addition of w to the values of H^ and h^ in Eq. [12] 
does indeed account for the capillary fringe. 
-72-
3- The ellipse equation and the changing water table 
Whereas the ellipse equation was developed for conditions 
of equilibrium with a constant rate of rainfall, water table 
fluctuations due to more intense rain of fairly short diiration 
are more likely to be fomd in practice. Visser (77) has 
made an attempt to extend the application of the equation to 
problems involving such fluctuations over tile drains. The 
essence of this analysis will be presented here. 
Designating by n the rate of discharge in linear rate 
dimensions (LT"^), Eq. [12] can be rewritten as 
n = • 
2 Combining l^JC/S into a factor D and designating the head dif­
ference H - h as m, this equation takes the form 
0 0 
The subscript e is used for the equilibrium condition: thus, 
n is the constant discharge rate and m the corresponding 
head difference. 
Now it is assTomed that d\iring a given period an amount of 
rain N falls in excess of the constant rate, the constant rate 
being resumed after this period. Further it is assumed that 
the water table everywhere rises an equal amount T as a result 
of the rain N above the equilibrium position, except that 
right over the tile the height of the water table remains h^. 
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Then the peak discharge, n^, can be expressed as 
ij. = D((mg + T)^ + ^'1 • [UH 
Combining Eqs. [13] and [lii-], one finds after some simple 
algebraic manipulation that 
The maximum heigjht to vihich the water table will rise on 
the average of once a year (or with any other desired fre­
quency) can be determined from weather records. For, given 
the maximtam N to be expected for the chosen duration with a 
frequency of once per year, the corresponding rise of the 
water table will be T = N/f where f is the porosity. The 
discharge is found from Eq. [15]. 
The above analysis enables one to design a drainage system 
not only on the basis of optimum average water table height, 
but also in such a manner that a given height not be exceeded 
more often than specified. For areas where a gentle rain of 
long duration, with occasional more intense showers, is a 
frequent occurrence, this approach to drainage design appears 
valuable. Visser was primarily interested in the conditions 
found in the Netherlands, and his method seems well adapted to 
that region. Also in irrigated areas in arid regions the 
method could possibly be profitably applied. In humid regions 
such as Iowa, the rainfall pattern is too uneven. 
Ilj. = Og + DT[T + 2(h^ + . [IS] 
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The method could be extended, however, to rainy periods 
with varying intensity by considering those as a series of 
consecutive periods with constant intensity and by superimpos­
ing the effect of each of these periods. Even then there 
remains the problem that it is hardly possible to determine an 
equilibrium position as a starting point. 
Besides the assxunptions tmderlying the ellipse equation, 
Visser also made the assumption that the rise of the water 
table would not vary with the distance from the drains, with 
the exception of the point immediately over them. This is in 
contradiction to the second Dupuit assumption. The conse­
quences of this treatment have not been determined. 
4. The heat flow equation 
The heat flow equation, Eq. [7] , used by various investi­
gators to solve problems concerning a dropping water table, 
will here be discussed in connection with the work of Glover 
as reported by Dumm (15) and the analysis of Ferris ( I 8 ) ,  
a. Glover's equations. Glover, who was primarily 
interested in the drainage of irrigated land, has proposed a 
formula for the spacing of tile drains required to maintain 
the water table below a specified level. The major short­
coming of this formula is that it does not take into account 
the restricting effect of convergence of flow near the drains. 
Considering a system of equally spaced tile lines in a 
homogeneous soil overlying an impermeable boundary (Figure 10), 
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the equation of continuity based on the Dupult assumptions Is 
Here x and y are rectangular coordinates defined In Figure 10, 
t designates the variable time, K and f have the same meaning 
as before, and D represents an average thickness of the aqui­
fer. If the distance between the tile axes and the impermeable 
layer is d and the initial height of the water table above the 
drains y^, then D is defined by Glover by 
This continuity equation is the same as Eq. [7] except that 
Glover has approximated the thickness of the aquifer by D 
rather than d, as was done before. To be able to treat D as a 
constant, y^ must be small compared to d. 
A solution to this equation, based on the proper boundary 
and initial conditions as illustrated in Pigtare 10, can be 
found by conventional methods in terms of a sine series [see, 
for example, (63, P« 262)]. Considering the point midway 
between drains and neglecting all terms but the first, this 
series reduces to 
After a reasonable length of time has elapsed, the error 
[16] 
D = d + J^/Z .  
yg/2 = (IWoA) expC-KDl^t/fS^) . [17] 
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introduced by using only the first term becomes small. When 
2 KDt = 0.025 S f, the error is on the order of 4 per cent. In 
view of the approximate nature of the equation of continuity, 
such an error is certainly of no concern. 
If Eq. [17] is solved for S, the spacing equation is 
found to be 
S = ic[KDt/f In (i^yoAys/2• [IS] 
In order to determine the amount of error introduced by 
assrming D to be constant when d is not large compared to y^. 
Glover also developed an equation for the case where d = 0. 
The appropriate equation of continuity, again based on the 
Dupuit assumptions, is 
^ (Ky -^-i) = f , ri91 
'd  X -d  x '  a t  » 
which is equivalent to Eq. [6]. 
Whereas in the previous problem the initial condition was 
taken as 
y = y^ for t = 0 and 0 < x < S , 
y = 0 for X = 0 and x = S when t > 0 , 
this time Glover assumed 
y = yo at X = s/2 for t = 0 , 
[20] 
y = 0 at X = 0 and x = S for t ^  0 
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By means of a change of variables achieved by the 
transformat ion 
U = j/Jq* a = x/S, P = Ky^t/fS^ , 
the eqiiation of continuity may be written as 
Assiiming a solution of the form U = V(|i)W(a), one obtains by 
substitution 
where the primes indicate differentiation with respect to the 
appropriate independent variable. 
If p varies with a held constant, the left hand member of 
Eq. [21] is a constant. Similarly, if a varies when p is con­
stant, the right hand member must be constant. Hence, each 
member may be equated to the same constant, -k. 
Writing, then. 
(w + w" = v'A^ . [21] 
and integrating, the solution for V is found to be 
V"^ = kKy^t/fS^ + , [22] 
where is a constant of integration. 
The equation in W is 
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(W)^ + WW" = -kW , 
which may be written as 
(W 1^) = -kW da ^ da 
Division by W yields 
1 d^(W^/2) _ . 
Replacing W^/2 by y» so that W = + and dy = WdW, one 
obtains 
^ (2^)-1/2 s!Y = . 
da' 
Using the substitution 
this equation simplifies to 
p dp = + k(2Y)^^^ dy , 
which can be integrated to 
p2 = Cg + k • 
Eliminating p, one finds the differential equation 
dY 
i Vc2 -
= da , 
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which, in terms of W, becomes 
WdW 
= da [23] 
This relationship is equivalent to the one fooind by-
Glover (15, Eq. 8) except that he evaluated the constants C2 
and k in Eq. [23] and in Eq. [22] as = 1, C2 = 3; and 
k = 9/2. The value of these constants depends, of course, on 
the initial and boomdary conditions. 
The following reasoning may be applied to arrive at the 
values given by Glover. To satisfy Eq. [20], one must have 
U = V(0)W(l/2) =1, which may be accomplished by the arbitrary 
selection of W(l/2) = 1, V(0) = 1. It then follows immediately 
from Eq. [22] that = 1. Furthermore, the slope of the 
water table at x = s/2 must be zero at all times, or 
This relationship must also hold for t = 0, where U(a,0) = 
W(a), so that dW/da = 0 at a = 1/2. Rewriting Eq. [23] as 
du/da =0 at a = l/2 . 
W 
\/3c2/2k -
(2k/3)^/^ [21^3 
and differentiating each side with respect to a, there 
results (63, p. 214.7, Eq. 7) 
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f. . 
A "  V  
where = 3c2/2k. Carrying out the indicated differentiation, 
it is found that the integrand of the first term and the 
numerator of the second contain the factor dw/da and thus 
vanish at a = l/2; so the denominators must also vanish for k 
to be different from zero. Hence, c^ = VI(1/2) =1, from which 
it follows that 3c2 = 2k. Finally, the integral of Eq. [2ij.] 
may be integrated when a = 1/2 and the upper limit becomes 
tmity by the substitution = W^. One obtains 
* •! "f • • 
' 0 Jo 
Here B represents a beta function which may be evaluated by 
expressing it in terms of gaimna functions as 
1 2 1 r*!' T'l* 
T ® ~ r-i 1 0.862 . . .  
3 Fip 
Considering the approximate nature of the assumptions under­
lying the derivation. Glover used the simplifying approxima­
tion 0.862 ... (1/2) (3)^/^ which yields, with Eq. [2ij.], 
k = 9/2 and therefore C2 = 3* 
dW w 
Vc^-W^ 
^ = (2k/3)^/^/2 
._1 
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The equation for the height of the water table at the 
midpoint may now be found from Eq. [22] , since there W{l/2) = 
1. One finds 
= 2sV(9I57ot + 2S^f) . 
Solving for S, 
S = [9Kyot/2f(yyys/2-l)]^/^ , [25] 
which is Glover's result. 
Comparing Eqs. [18] and [25], Dximm found that the differ­
ence in spacings calculated from these for similar conditions 
was always less than 10 per cent. Therefrom he concluded that 
the use of Eq. [l8] was justified independently of the rela­
tive depth to the impermeable layer. 
The major difficulty with Glover's analysis is that it is 
based on the assvunption of horizontal flow. Aside from the 
general objections to this assumption per se discussed earlier, 
there is the problem that Eq. [18] was originally developed 
for tile drains with the restriction that d be large compared 
to y^. Hooghoudt has shown, however, that the effect of con­
vergence of flow toward tile drains becomes marked at rela­
tively low values of d/S. Inspection of his Table 5 (30» PP» 
656-69i|.) shows that this effect must be taJcen into account 
when d/S reaches a value around 0.05 or 0.10, depending on 
the permeability, etc. Hence the assumption of horizontal 
flow cannot be expected to yield reliable results unless d is 
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relatively small, whereas the condition of continuity, Eq. [16] 
requires that d be relatively large. The agreement between 
Eqs. [18] and [25] claimed by Dumm would tend to justify the 
use of Ea. [l8] when d is small, but no such justification has 
been found for those cases where d is large. 
Moreover, calculations carried out by this writer do not 
substantiate Dumm's finding that the spacings as found from 
the two equations differ by less than 10 per cent. Rewriting 
Eq. [18] as 
tK/f = ^  j26) 
and Eq. [25] as 
tK/f = (2s|/9yo) ' (27) 
eliminating tK/f and solving for 82/32^, there results 
S2/S1 = {(9ys/2A^) 
if it is assumed that JQ = 1 + ^ s/Z ® ~ ^ o^^ * ^ other 
words, Eq. [28] represents the relative magnitude of $2 com­
pared to for a drop in the water table of one foot when the 
drains are placed on an impermeable layer. 
A plot of this equation (Figxire 11) shows that the ratio 
S2/S1 varies from zero to infinity, with a percentage differ­
ence on the order of 20 to 70 per cent for those conditions of 
greatest practical Importance. 
-8V 
In view of the above considerations, it appesu's that 
Eq. [l8] cannot be justified when d is large because of the 
convergence effect, nor i^en d is small because then the heat 
flow equation does not hold. 
The flat water table sssiimed as the initial condition 
applicable to Eq. [16] is unrealistic. Unless the drains were 
plugged during irrigation, such a condition would seldom 
develop. This assumption was used only to evaluate the con­
stants in the sine series. These may be evaluated as well, 
however, if the initial condition is restricted to the heights 
of the water table over and midway between drains, leaving the 
initial water table shape unspecified. Such a restatement of 
the initial condition would make it more realistic. If the 
equation is applied to land initially flooded to the surface, 
the flat water table assxunption could well be used. As pointed 
out, however, the solution does not depend on this assumption; 
the physical concept is the only thing that is involved. 
The assumption that no water stands over the drains at 
any time, however, is not quite correct either, unless a 
highly permeable backfill is assumed. Then a surface of 
seepage would have to be taken into account. 
That the use of Eq. [18] must be restricted to small 
changes in pointed out above. However, notwithstand­
ing Duram's statement to that effect, the example presented by 
him (15, p. 19) involves lowering the water table 60 per cent 
of the initial height above the drains and 30 P®r cent of the 
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height above the impermeable layer. He suggested that, in 
cases where the drawdown is large, the solution be carried 
out in steps with a new value for D in each step, 
A comparison of Eq. [l8] can be made with some of the 
solutions worked out by Kirldiam and Gaskell (ifS). For open 
ditches 5 f®9t deep and 20 feet apart penetrating to an 
impermeable layer, they fo\ind that the factor tK/f had to 
equal 5*0 feet in order to cause a one-half foot drop of the 
water table midway between the drains from a completely satu­
rated initial condition. Substituting the appropriate values 
in Eq. [26], one finds tK/f = 5-63 feet. Similarly, the 
values of tK/f have been calciliated from Eq. [26] as well as 
from Eq. [27] for a water table drop of one foot and spacings 
varying from zero to 80 feet. The results, applicable again 
to 5 foot deep ditches penetrating to an impermeable layer, 
have been plotted (Figure 12) together with the curve deter­
mined by Kirkham and Gaskell. 
This check is greatly in favor of the Glover equations in 
that an open ditch has been substituted for the tile drain for 
which the formula was developed. Thus the convergence effect 
has largely been eliminated. Since this convergence would 
cause more resistance to flow than in the ditch case, the drop 
of the water table over tile drains would be slower and the 
time factor larger. Hence, due to unexplainable coincidence, 
the first Glover equation, Eq. [18] , would be ejq>ected to 
yield better results for tile drains than was here indicated 
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for open ditches, if the Kirkham and Gaskell solutions are 
assumed to be correct. On the other hand, the error in 
Eq. [25] wotild become greater. 
Especially as long as no better analytical solution is 
available. Glover's equation may be used advantageously to 
approximate the actual problem. Caution must be used, how­
ever, not to 3?ely upon the results too heavily, especially 
when the drain spacing is not large compared to the depth of 
the drains. 
b. Ferris' analysis. Another solution based on the heat 
flow equation was presented by Ferris (18). He considered a 
homogeneous, isotropic acquifer of infinite areal extent, of 
constant thickness b, bounded above and below by impermeable 
strata, and with a ditch drain of infinitesimal width pene­
trating to or below the lower aquiclude. He assumed the 
Dupuit assumptions to be valid and the drainable porespace f 
and the coefficient of transmissibility (defined as the 
product Kb) to be constants. 
Aside from the weakness of the Dupuit assumptions and the 
fact that Kb cannot be constant unless b is constant, which 
implies that there be no flow, Ferris equated one of the 
variables, V, to a constant first and then considered it as a 
variable, thus invalidating his final result. 
With coordinates as shown in Figure 13, Ferris gave the 
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equatlon of continuity as 
3 ^ y _ f Q y 
IE -at a X 
and applied the initial condition y = 0 for all x cuid the 
boundary condition y = 0 at x = oo for any t. These resulted 
in a solution of the form 
= ct"^'^^ exp (-fx^ASbt) [29] 
To evaluate c, he reasoned that the total volume of 
water V yielded by the aquifer must equal the quantity removed 
from the drain; in terms of an equation. 
[30] 
Substitution of Eq, [29] into this expression and integration, 
holding t constant, yields 
c = V/2(nfKb)^/^ . 
Thus Ferris wrote 
y = [V/2(nfiCbt)^/^] exp(-fxVi^^t) . [31] 
Assuming a constant discharge rate Q == V/t, £q. [31] 
should also apply for an infinitesimal drop Ay with corre­
sponding discharge QAt. This enabled Ferris to write 
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t 
J =  [Q/2(itfKb)^/^] exp(-x^yAKbt}-dt . 
Using the substitution 
u = x(e /kKbt)^^^ [32] 
this equation can partially be integrated by parts to 
y = (Qx/2Kb) u~^ exp(-u^}-l + 2n 
1/ o 
Designating the quantity in brackets by "drain function u", 
D(u), this equation may be written 
Since D(u) can be plotted against u with the help of 
tables of the normal distribution, Eqs. [32] and [33] give 
simple relationship between the variables of the problem. 
For a known Q, b, and x, if y has been measured for 
several values of t, these equations permit the determination 
of the constants f and Kb, according to Ferris. 
Even if the Dupuit assumptions are accepted as correct, 
the above analysis can be shown to be fallacious. In order 
to evaluate c in Eq. [29], Ferris integrated Eq. [30] at con­
stant t, thus finding c as a fimction of V(t). Substitution 
of this function into Eq. [29] implies that c is a constant. 
y = {Qx/2Kb)D(u) [33] 
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hence that V(t) is constant. This, of course, is quite impos­
sible. Thus Eq. [31] is not a solution of the equation of 
contintiity. 
In order to make a further analysis possible, Ferris next 
changed V from a constant to a variable and set Q = v/t with Q 
a constant. This not only invalidates Eq. [31] once again, 
but is also physically impossible: Q can only be constant in a 
steady state problem. That Q is not even nearly constant was 
shown by Ferris when he reported that, in comparing field data 
with the equations, a period of two hoxars elapsed before the 
flux "approached the constancy assumed for the derivation of 
the drain function" (18, p. 289). 
Fiirthermore, Eqs. [32] and [33] give two relationships 
between three unknowns, that is, between u, Kb, and f. Were u 
eliminated from these, there would remain one equation in the 
unknowns f and Kb, which would allow an infinite number of 
solutions. To the knowledge of this writer, no further rela­
tionship has been presented by Ferris to make a unique solu­
tion possible. It appears that Ferris used as an additional 
O 
relationship that y as a function of x /t is Identical in 
2 form to D(u) as a ftinction of u . This, however, is not 
necessarily true. 
Finally, there remains the question of constancy of the 
product Kb. An assumption to that effect is only justified 
if the total depth of the aquifer is large compared to the 
amount of drawdown as was supposed (p. 66} in the derivation 
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of the heat flow equation. Ferris' problem, however, is 
theoretically restricted to ditches penetrating to the lander-
lying aquiclude. When he applied his analysis to a field 
ditch of shallow depth in a 50 foot deep aquifer, he warned 
that "... the greatest departure of the field conditions from 
the initial assumptions is the limited penetration of the 
drain into the aquifer" (I8, p. 289)• Actually, it was this 
condition which caused the rate of change of Q to become so 
small that he called it constant, even though his example 
showed a drop from 22 to 12 gal/min in about 18 hours. 
B. The Assiamption of Radial Flow 
When a well is driven into an aquifer of iiniform thick­
ness and infinite areal extent, water will enter the well from 
all sides in such a manner that the flow lines are radii with 
the center of the well as origin. Since a tile line can be 
thought of as a horizontal well, there exists an analogy 
between the radial flow into a well and the flow into a tile 
drain. This analogy has been used in a variety of ways to 
arrive at solutions of drainage flow problems. Some of these 
solutions are but poor approximations, some are good approxi­
mations and others are exact. Examples of each of these types 
will now be discussed. 
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1. The analyses of Sp8ttle and Walker 
As early as 1911, Spottle (70, p. 10^) proposed an equa­
tion for the shape of the water table over drains based on the 
following reasoning. A tile line placed in a homogeneous soil 
with a flat water table at a depth d above the center of the 
tile (Figure llj.) will cause this water table to drop. A 
particle of water at A, dropping with a constant velocity v, 
will arrive at A' after a unit length of time, T. The distance 
traveled will equal 
AA^ = vT . 
A particle initially at B will move towards the drain along a 
radius from B towards the drain, but with a velocity equal to 
V sin a i^ere a is the angle the path of flow makes with the 
2 horizontal. The drop in water table in time T would be vT sin a, 
so that the height of the water table above the drain at time 
T could be expressed as 
2 y = d - vT sin a , 
or, writing sin a in terms of x and y, 
x^(d-y) = y^(y-d-vT) , 
which is Sp'dttle's result. 
The first objection that must be raised is, of course, 
that the velocity is not constant along the path from water 
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surface to drain. On the contrary, it will rapidly increase-
when the drain is approached. The asstimption that the stream­
lines will be radial also must be rejected. Since here the 
medium is not of infinite extent, the streamlines must be 
curved as will be brought out later. 
Walker (78) recently proposed a method of analysis 
similar to that of SpBttle. He considered parallel drains, 
either open ditch or tile, in an isotropic soil, a distance S 
apart. The analysis was not restricted to homogeneous media, 
but also was applied to stratified soil with each layer homo­
geneous and isotropic within itself. In the case of strati­
fied soil, it was assumed that the hydraulic conductivity of 
the tightest layer would govern the flow. It was also 
assumed that the path of flow would be along radii originating 
from the drains. 
It will be brought out in the discussion to follow that 
the most important objection to Walker's analysis is his 
assumption that the velocity equals the hydraulic conductivity. 
This assumption implies a unit hydraulic gradient although it 
is known that the hydraulic gradient is always less than 
unity. 
As illustrated in Figure 15a, tlae velocity of the water 
moving from an arbitrary point {Xj^,y^) on the water table 
towards drain 1 was taken as approximately constant over a 
short period such as one day and directed towards drain 1. 
Thus, the distance traveled by a particle of water originally 
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at after a time t would be the product of the velocity 
V, and the time t. If 9^ is the angle between the vertical 
and the line connecting drain 1 and point "the water 
table recession Ay^^ due to flow towards drain 1 in time t 
would equal v^t cos 0^. Likewise, the recession due to flow 
towards drain 2 would be written 
Ayg = Vgt cos 02 , 
and the total water table recession 
Ay = Ay^ + Ayg = v^t cos 9^^ + Vgt cos ^2 • [34] 
Figure 15b shows the vectorial treatment as presented by 
Walker. 
Next Walker expressed the velocities in terms of the 
lowest hydraulic conductivity, K, of the hydraulic conductivi­
ties , ... of the various layers through vdiich the 
water must pass, and the aeration porosity of the layer in 
which the phreatic surface occurs. His expression was 
v^ = V2 = K/f . 
Substitution of this expression in Eq. [3^4-] yields 
Ay =s {Kt/f)(cos 9^ + cos 02) . [35] 
If the point midway between the drains is considered, 
9^ = 02 and Eq. [35] reduces to 
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Aj = 2Kt cos 9/f . [36] 
Suppose that the optimum rate of drawdown for crop growth 
were known and substituted into Eq. [36] for Ay/t, then the 
angle 9 would be known and the required spacing could be 
calculated from 
S = 2y tan 9 , [37] 
where y is the average height of the water table above the 
drains at the midpoint during the time period t considered. 
This was Walker's spacing equation. 
As pointed out in connection with Spbttle's problem, the 
streamlines for the problem under consideration cannot be 
radial. Even if this approximation were accepted, however, 
there remain a number of objections that should be raised 
against Walker's analysis. First of all. Figure l^b shows the 
distance traveled from point ^ time t as indicated by 
the vector from (*2*^2^ rather than by the resultant 
of Vj^t and Vgt. Besides it is not possible to consider the 
distances traveled as separate, additive vectors. This is the 
cause j£>r Walker's statement that the total recession Ay at any 
X is made up of Ay^j^ due to flow towards drain 1 and Ay^ due to 
flow towards drain 2. Except along the plane x = S/2, there 
can be no flow to more than one drain. 
Reasoning correctly from the assumption of radial flow, 
one might consider a potential due to drain 1 and a $2 
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due to 2, with corresponding velocity components = 
-(K/f)V$|j^ and V2 = -(K/f)V$2* resxilting velocity vector 
Vt3 (see Pigxire 15c) multiplied by a time factor t would repre-
sent the distance traveled; the corresponding water table 
recession would be 
Ay = Vjjt cos 0JJ , 
or, in component notation. 
Ay = Vj^t cos 0]^ + V2 t cos 
So far, the result is the same as Walker's. 
Using Darcy's law, the velocities may be expressed as 
a B Ip 
= -(K/f) TT ' '2 ° TT ' 
where s is the direction of flow. Considering the point mid­
way between drains and assuming each drain to be at the same 
potential, Eq. [31^.] can be rewritten as 
S $ Ay = 2(K/f) t cos 0 , 
since then 0, = 0^ = 0 and = = --— . 
1 2 33 3g 9g 
S $ 
This expression differs from Walker's by the factor 
The discrepancy is due to Walker's assumption that 
V. = Vp = K/f , 
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which implies a unit hydra\ilic gradient. When gravity is the 
only force acting, however, the maximum possible hydraulic 
gradient would be iinity, and in general it would be consider­
ably less than this maximum. The head to be dissipated at the 
midpoint is equivalent to the height of a column of water from 
the water table at x = S/2 to the level of the drains, and the 
path to be traveled exceeds this length by at least s/2. 
Eq. [36] should have been written 
Ay < 2Kt cos S/f . 
In that form, it does not enable a determination of the re­
quired drain spacing. 
Finally, there remains the statement that the permeability 
of the tightest layer governs the rate of drainage. Except in 
the extreme and practically useless case where there exists a 
layer of zero permeability, this is not the case at all. 
Kirkham (1^.6, Figure 11) has shown, for example, that for 
6-inch tile drains placed 4 feet deep and 100 feet apart in 
stratified soil with the upper layer 100 times as permeable as 
the lower, the discharge is 1.6 times as large when the upper 
layer is 3 feet deep as when it is 1 foot deep. This figure 
of 1.6 applies to the flooded condition only. 
Whereas it has been shown that Walker's derivation is far 
from an exact solution, it is possible that the effects of 
some of the assumptions and approximations that were made 
would cancel each other. This might explain the relatively 
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good agreement he fotind between field data and analysis. The 
values of K used by Walker, for example, were determined by 
the core sample method, and thus would tend to be considerably 
lower than the actual hydraulic conductivity to situ. This 
would at least partly offset the error introduced by assuming 
a unit hydraulic gradient. 
2. Hooghoudt's radial flow solutions 
Hooghoudt realized that his solutions based on the 
Dupuit-Porchheimer theory only could be expected to give good 
approximations when the drained land was underlain with a 
shallow impermeable layer. He proposed the use of a radial 
flow pattern for soils homogeneous to great depths and a combi­
nation of the two types of flow for intermediate cases (30)» 
Again, the radial method is derived from the analogy with 
a vertical well in a homogeneous medium. For such a well, 
the equipotentials have the form of concentric circles. If 0 
designates the potential, then the hydraulic gradient at any 
point along a radius towards the well is d$/dr. Thus, the 
flow q per tinit of arc length of such an equipotential circle 
and per unit length of well is, by Darcy's law, 
q = -K d^/dr , 
and the total flow into the well (taken positive when flowing 
towards the well) 
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Q = +2itKr d§/dr 
which yields, after integration, 
$ = Q In r/2iiK 
as a general expression for the potential. 
Replacing any of the streamlines in a flow system by an 
impermeable sheet does not change the flow pattern since no 
flow takes place across such lines. Thus, if two radii 
aroxind a well, separated by an angle 2t[, were made impervious, 
the flow through both halves of the circular region wotild be 
equal. If one half were removed, the total flow into the well 
would be just one-half of the original flow. The potential 
distribution would be given by 
f = Q In r/nK . [38] 
If a tile drain were installed with its upper half in an 
impermeable layer and with its lower half in a soil of con­
stant permeability and infinite depth, the potential distribu­
tion due to artesian pressure generated at great depth would 
be described by Eq. [38]• 
If two such tile lines were installed parallel to each 
other, the potential at a point could be expressed as 
$ = (Q/uK)(ln r^ + In r2) 
where r^ and r2 ar® the distances of this point from the two 
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drains. Q Is here the flow into either drain. All through 
this discussion, Q will designate the flux per drain. 
Per an infinite number of equally spaced drains, Eq. [38 ]  
would take the form 
00 
$ = (Q/nK) 2 In r 
n=l 
If the artesian pressure is not too great, the shape of 
the water table, the above medium is replaced by a semi-
infinite homogeneous soil, will approach a plane through the 
drain axes. The foregoing analysis would then still apply 
even if only approximately. In practice, one is concerned 
with the difference in potential between two points rather 
than its absolute value. If one point, designated as A, is 
taken on the drain circumference and another, B, midway between 
adjacent drains and on the plane through their axes, then the 
approximate potential difference may be written as 
if = Jg • 1° 'Bn - ^  ^  'to' ' 
n = 0, 1, -1, 2, -2, ... [39] 
Here r^ represents the distance from the center of the nth 
drain to point A and r^^ the distance to point B. Except for 
the term where 0 refers to the drain on which A is lo­
cated, the drains may be considered as line sinks with 
negligible radius. 
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Whereas Eq. [39] has been derived Tor the case of artesian 
presstire, Hooghoudt has shown that it also applies to the case 
of steady rainfall. If a series of M point sources are ima­
gined on the plane through the drain axes between each two 
drains, spaced so that the distance between adjacent sources 
is M/S (S represents the spacing between drains), and if each 
of these sources has a strength 0./^, then the potential differ­
ence equation must be written as 
A$ = (Q/iiK)(2 In rgj^ " n ^  ^An^ 
+ (2 In - I In v^) . [40] 
The subscript represents the distance from point A to the 
mth source to the right of the nth drain. 
The second term may be written as a series of 2M sums 
which cancel in pairsleaving as final result again Eq. [39]. 
If the number of sources between tiles is increased indefinite­
ly, that is, if M approaches infinity, the effect of the 
sources is equivalent to that of a uniform rate of rainfall. 
Thus Hooghoudt has shown that, if the drop in potential from 
the water table to the plane through the drain axes can be 
neglected, the potential difference A$ in the case of constant 
rainfall on a homogeneous soil is given by Eq. [39]• . When the 
^ The proof of this statement is given in Appendix A. 
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ralnfall rate is small compared to so that the rise of the 
water table midway between tiles is small compared to the 
spacing, the percentage of head dissipated above the plane 
through the drains is small. In such a case one would, expect 
the equation to give a good approximation. 
The above analysis is restricted, to a soil homogeneous to 
infinite depth. If an impermeable layer occ\ars at a relatively 
great, finite depth d below the drain axes, the analysis can 
be modified by considering a series of image drains at a 
distance d below the impejrmeable layer (Figijre 16). The po­
tential difference between A and B as given by Eq. [39] must 
then be corrected for the effects of the image drains 0', 1», 
-1«, 2», -2» , ... , resulting in 
= (UAk) (2 In - I In + Z in - | In ) . 
(41) 
Both Eqs. [39] and [J4J.] are only approximate in that they are 
based on the assumption of a flat water table. Besides the 
additional head loss that would otherwise occur, Eq. [38 ]  
implies that the flrix across each equipotential is the same. 
But with the curved water table (which is not a streamline) 
this is not the case: the flux through the equipotentials 
farther from the drains is less than that through those nearer 
the drains. In the case of a considerable difference in 
height of the water table m between points over the drains and 
midway between them, Hoo^oudt has suggested that Eq. [38] 
-lOij.-
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should be corrected by the addition of the term Qm/KS. This 
term may be derived by assuming strictly vertical flow through 
the region above the drain axes. If the height of the water 
table above the drains at the midpoint is m^^ and at the drains 
mg, then the flow through a tinit area downward from the water 
table is 
Q/S = 
at the midpoint and 
Q/S = 
over the drains. The head difference due to flow above the 
drains is consequently 
^^ml " ^ ^m2 ~ Q/S{m^/k - mg/K) = Qm/KS 
Moreover, Eq. [Ip.] must be restricted to cases where d is 
large. When the impermeable layer approaches the drain, the 
assumption of radial flow gives but a poor approximation. For 
those cases where the impermeable layer is very near the drain, 
the assumption of horizontal flow may be used (see £q. [12]). 
In intermediate cases, the two types of flow can be combined 
by asstjming that (Pigtire 17) the flow in the region is 
radial and in the region horizontal in nature. The 
plane x = x^ must be chosen so that the potential difference 
between points a and b of Figure 17 as calcxilated from Eq. 
[i{JL] , is a minimxim. That will cause the plane x = x^ to be 
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nearly an equipotential plane as it must be for the horizontal 
flow sinalysis to apply. Hooghoudt (30, P« 576) has shown that 
this requires that = 0.5(S-dY 2 ). 
The potential difference between A and B can be obtained 
by applying Eq. [I4J.] to the difference from A to b, suid Eq. 
[10] to the difference from b to B. 
Hooghoudt has evaluated the suras in Eq. [39] as 
A§ = (2.30 Q/nK)(log S/2r^ - 0.197) = (Q/K)«A [^2] 
and Eq. [J4JL] may be written as 
A$ = (2.30 Q/otK) log S/2r^ - 0.197 
[43] 
+ TT log —5"^ 2 \ ~ (Q/K)*B 
n=l (n^S^+i^.d'^) [{n-irs^+kd^] * 
Also in the case of combined radial and horizontal flow the 
potential difference can be written as 
A§ = (Q/k)»C , [lilj.] 
where C again refers to a series of terms similar to B. 
Hooghoudt has prepared a set of tables of values of A and 
C to simplify calculations. He also prepared an extensive 
table of values of d^, where d refers to the thickness of the 
e e 
"equivalent layer". It is defined as a permeable layer over­
lying a fictitious impermeable layer, of such thickness that. 
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if the spacing is computed from Eq. [12] with = d^, the 
same answer will be obtained as when the appropriate formula, 
whether it is Eq. [12] , [i|2], [43] > or [iji|.], is applied. 
The use of this table of d values introduced an error of 
e 
less than 10 per cent in calculations of spacing and of less 
than 20 per cent in calculations of the hydraulic conductivity, 
according to Hooghoudt, except in some extreme cases that are 
unlikely to occur in practice. The use of the tables is 
illustrated in Appendix B. 
Hooghoudt's analysis of the drainage problem constituted 
one of the first comprehensive treatments of the subject to be 
fOTjnd in the literature. Although none of his solutions is 
exact, his approximations are very clever and most of them 
cannot fairly be criticized. Comparison with Van Deemter's 
exact solution for a homogeneous soil shows that Hooghoudt's 
equations for that case result in very nearly the same 
answers. The assumption of horizontal flow has already been 
discussed In detail. Hooghoudt restricts its use, however, 
to those cases where the assximption is most reasonable. Since 
the height of the water table at the midpoint between drains 
is considered rather than the shape of the water table, good 
results can be expected. 
3. Exact solutions with the method of Images 
In the previous section, mention was made of Hooghoudt's 
use of a series of image drains in order to take into account 
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the effect of an impermeable layer. It was then not pointed 
out that, in order to make the solution exact, the one series 
of image drains was insufficient. The exact flow pattern for 
an actually flat water table could have been obtained by an 
infinite number of reflections so that image drains would be 
placed along the planes y = 2nd, n = ±1, 2, 3, ... (Pig\ire 
17). Considering the approximations introduced by neglecting 
the effect of the water table c\irvattu?e, the accuracy obtained 
by the single row of images was certainly sufficient for 
drains not too close to an impermeable layer. It is this 
added approximation, however, which causes the failure of 
Hooghoudt's method when the drain comes near the impermeable 
layer. 
Avoiding the uncertainties of the c\irved water table, 
Kirkham and Gustaffson both solved a number of specific prob­
lems involving land flooded to the surface with the method of 
images. These problems have been listed in the Review of 
Literatiire (pp. 16 and 17) • The potential can here also be 
found by adding the potentials of each of the real and imagi­
nary drains. The basic expression is again 
$ = (Q/2TrK) In r . [kS] 
Rather than restricting his solutions to the difference 
in potentials between two points, Kirkham found the potential 
difference between an arbitrary point and a point on the drain 
circumference. Moreover, he worked with the complex potential 
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$ + iij' with the corresponding basic equation 
^ = (Q/2nK) In z 
Here z is the complex variable x + iy. That Eq. [ k S ]  is the 
real part of this last expression can be shown by writing z as 
16 
re and separating the real and imaginary parts: 
= I +i$ = {Q./2%K) In re^® = (Q/2xK){ln r + i9) . 
The difficulty of this type of analysis lies in simplify­
ing the infinite sums that arise and evaluating the constants 
that enter into the relationships when the fluxes into and out 
of the various sinks and sources are not equal. Notwithstand­
ing these difficulties, Kirkham's final solutions are rela­
tively simple. 
Gustaffson, who also used complex potentials and also 
found general solutions for several problems, used a somewhat 
different approach. He started with the potential distribu­
tion for a line source and sink as may be found elsewhere 
P* 406). Using this expression as a basis, he 
developed the required relationships by summation procedures 
similar to Kirkham's. His solutions, however, are given in 
terms of elliptic modular functions, which restricts their 
practical value. 
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C. The Hodograph Analysis 
In the following discussion, the potential defined as 
^ = p/pg + y » [46] 
where p designates the pressure of the fluid, p its density 
and y the height above an arbitrary reference level, will be 
replaced hj f( = K^, Here K is the proportionality constant in 
Darcy's law. It will be referred to as the hydraulic conduc­
tivity to distinguish it from the permeability, k. The two 
are related by the expression 
K = kpg/n , 
where designates the viscosity of the fluid. 
Assuming the fluid to be incompressible, the continuity 
equation may be written 
B-v^/Bx + 3Vy/5y = 0 [i|.7] 
where v and v are the velocity components in the x- and X y 
y-directions. Then, since by Darcy's law 
•x " ^ » 
one must have 
= 0 . 
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Defining a stream function, ^ , as the conjugate of ^ by 
the relations 
3y , 3y = - , 
it is apparent that ^ also will satisfy Laplace's equation 
and that the complex function co = ^  + i^ is analytic. This 
function will be designated as the complex potential. 
It can easily be shown that the fsDJiily of curves 
^ = constant 
forms the orthogonal trajectories of the family of curves 
^ = constant . 
The first of these will be designated as equipotentials, the 
second as streamlines. 
1. The theory 
The solution of steady state potential flow problems is 
accomplished by finding a solution of differential equations 
which satisfies certain botuadary conditions. Prom the theory 
of analytic functions it is known that any one set of boimdary 
conditions will yield a unique solution. 
The differential equations that must be solved are 
= 0 and = 0 . 
The boundary conditions vary with the problem but in general, 
four types may be considered: 
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(a) Along a streamline and therefore also along an 
impermeable boundsu'y, 
constant and 3n = 0 , [1+8] 
where n is the direction perpendiciilar to that of the 
streamline. 
(b) Along an equipotential, such as the circumference of 
a full flowing tile drain or the wetted perimeter of a ditch, 
= Kh and ^4^/ Sn = 0 , 
where h represents the height of the water above the reference 
plane in a piezometer terminating at the point in question and 
n is again the direction orthogonal to that of the 
equipotential. 
(c) Along a surface of seepage, such as the ditch wall 
between the water level in the ditch and the water table, 
p = 0 and consequently 
12^ = Ky . [1^.9] 
(d) Along the water table, defined as the locus of 
points within the saturated region at atmospheric pressure, 
one also has 
= Kj . [50] 
Besides, a condition is imposed on the stream fxmction. If 
there is no Infiltration to the water table, 
^ - constant • 
If water is added or removed along the water table at a rate N, 
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then 
^ = Nx + constant. [51] 
The problem may be stated as follows: it is required to 
find the complex potential co as a function of z. If that has 
been accomplished, the equipotentials and streamlines in the 
z-plane are known. 
If a conforroal transformation, or a series of such trans­
formations , can be found that will change the original flow 
region with arbitrarily shaped boundaries into a simple region 
for which the flow pattern is known, the problem has been 
solved. 
It has been found convenient to deal not directly with 
the flow region in the z-plane, but instead to consider the 
corresponding region in the w-plane, where w is the complex 
velocity. It may be defined, analogously to the definition of 
the velocity components, by the relationship 
w = u + iv = -dco/dz . [52] 
Since, from Eq. [I|.7] , 
d6)/dz = 3jf/dx - i( 3^)/9y = -v + iv , 
X y 
it follows that 
u = +v^, V = -Vy . [53] 
It is this use of the w-plane that has given rise to the 
name "hodograph" analysis. A hodograph is the plot of the 
velocities at each point of a system with the axes representing 
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two mutually perpendicular velocity components. Whereas 
generally the positive axes are taken as v and v , here it 
* y 
will be more convenient to consider the hodograph as a plot of 
u versus v. Thus, the w-plane is the hodograph plane. 
If w can be expressed as a function of co, then by Eq. 
[52] z is known as a fianction of oj , or inversely, o? as a 
ftinction of z. Thus, the problem would be solved. 
The boundary conditions to be imposed on w can be derived 
from those set up for z. Considering the same four types of 
boimdaries, one finds the following relationships: 
(a) Along a streamline, if s is the direction of flow 
and a the angle between streamline and x-axis, 
v^ = -9j</dx = - (3j^/Bs) cos a 
and 
V = ~ d ^ / d j  =  -  (  d s )  sin a 
y 
which may be written, using Eq. [53]> 
v/u = - tan a • [514-] 
(b) Along an equipotential, there results in similar 
manner 
v/u = cot a • 
(c) Along a surface of seepage, by differentiation of 
Eq- [^4-9] , 
(  B  d x )  ( d x / d s )  +  ( 3//dy) (dy/ds) = K(dy/ds) 
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or 
-u cos a + V sin a = K sin a • 
(d) Along the water table, considering Eqs. [50] and [51] 
-u cos a + V sin a = K sin a 
and 
-V cos a - u sin a = N cos a • 
Rewriting these last two equations as 
(K-v) sin a = - u cos a [55] 
and 
(N+v) cos a = - u sin a , [56] 
a may be eliminated. There results 
- tan a = u/(K-v) = (N+v)/u , [57] 
which may be written as 
u^ + [V - (K-N)/2]^ = (K+N)V^ . [58] 
These equations show that. If the boxmding streamlines, 
equipotentials and sxirfaces of seepage are straight lines, the 
corresponding velocity plots also will be straight lines. The 
water table is ^inknown in the z-plane, but is a circular seg­
ment through the point [0, (K-N)/2] with radius (K+N)/2 in the 
w-plane. Thus the boundaries are known in the hodograph plane. 
The foregoing discussion, be it in somewhat different 
form, may be found in a number of publications, such as those 
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of Hamel (27), Muskat (60), Breitenoder (6), Gustaffson (26), 
and Van Deemter (72,73)• 
2. The analysis of Van Deemter 
Whereas Gustaffson gave the first complete solution of a 
tile drainage problem by means of the hodograph method, his 
problem is a special case of the one solved by Van Deemter. 
Therefore, just Van Deemter's work will be discussed here. 
His treatment of tile drainage problems will be analyzed in 
detail, and those steps which are not adequately explained in 
his publications will be filled in. It will also be shown 
that Van Deemter's solution is not as general as the deriva­
tion would lead one to believe, but that it is restricted to 
cases where the drain diameter is very small and the drains do 
not have a free outlet. 
a. Statement of the problem. Van Deemter considered a 
homogeneous, isotropic, semi-infinite soil drained by parallel, 
equally spaced tile lines. He restricted the problem to 
steady state conditions by assuming a steady rate of rainfall 
or evaporation, N, and a steady rate of deep seepage or ar­
tesian flow, L. With the origin of coordinates at the center 
of a drain and the positive y-direction upwards, positive 
values of L and N woxild designate artesian pressxire and evapo­
ration, whereas negative values would indicate deep seepage 
and rainfall. If the difference L - N is positive, the drains 
will remove water. If it is negative, infiltration or 
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subsurface irrigation will be the result. 
Only the condition K + N > 0 will be considered. No 
solution can be found otherwise, as will become obvious later 
on. Also, the drains will be replaced by line sinks or, in 
terms of two dimensions, by points. 
First, those cases where L - N > 0 will be considered. 
For definiteness, it will be assumed that L >• 0 and N < 0, 
although it will be shown later that this is not necessary. 
With reference to Figure 18, the boundary conditions may be 
stated as 
a) Along PQ: ^ = 0 , 
b) Along OR: 4 = Ky , 
^ = NX , [59] 
c) Along RS; ^ = Na , 
d) Along SP: ^ = (N-L)a . 
PQ, RS suid SP are streamlines because of symmetry and, 
according to Eq. ^ must then be constant. The values of 
these constants may be chosen arbitrarily, but their ratios 
must be in the proportions stated. Through the region PORT 
will flow N/(N-L) of the total flow, through PTS, -L/(N-L) of 
the total. Thus 
( "/pg - ^^pq)/( '^ SP" ^RS^ ~ N/(-L) • 
The boundary conditions a), c), and d) satisfy this relation. 
Along the water table OR, Eqs. [50] and [51] must be satisfied 
as is accomplished by condition b). 
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Purthemore, since at y = -oo the velocity must equal L, 
^ approaches the value -Ly at great depths. At P, the velo­
city will be infinite and hence ^ =-00 . 
b. Development of the hodograph. To develop the hodo-
graph, one must consider the velocity distribution along the 
boxandaries. Along the streamlines, Eq. [Sk] gives 
v/u = - tan a • 
Since PQ, RS and SP are all parallel to the y-axis, u must be 
zero, placing P, Q, R, T, and S on the v-axis of the w-plane. 
At T, the velocity must be zero, along TS and PS, v > 0 and 
along PQ and TR, < 0« Hence S and P must fall on the nega-
tive v-axis, and Q and P on the positive v-axis. Since the 
velocity at P is infinite, this is no contradiction. As 
already has been mentioned, v = L at S, or v = -L. At Q and 
R, a = 0, so that there, from Eqs. [55] suad [56] 
u = 0, V = -N . 
Along the water table, the velocity components inust satisfy 
Eq. [58] • Thus the ctirve segment OR must lie along the circle 
with center at w = i(K-N)/2 and radius (K+N)/2. Prom Eq. 
[57] , it is seen that the single a at an arbitrary point A 
along OR in the z-plane corresponds to the angle between the 
line from w = iK to A and the vertical in the w-plane• Thus, 
Q and R are again forand to have the value w = -iN and the 
point of inflection, Q* , where a is a maximxam, 9, will be the 
point farthest from Q and R along the circle Q, Q», Q". The 
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negative sign in Eq. [57] indicates that the circiilar arc must 
be in the region u <" 0. The hodograph resulting from the 
above consideration is shown in Figure 19. The flow region 
in the z-plane corresponds to the region to the left of the 
hodograph in the w-plane. 
c. Development of a? = u?(w). Along the boundary of the 
hodograph, the stream function if/ must satisfy the conditions 
listed under Eq. [59]. Along OR, this condition is given in 
terms of x rather than in terms of u and v. To alleviate this 
difficulty, a new function iil is introduced, defined as 
_0. = CO - iNz = + Ny + iC'/' - Nx) . [60] 
This ftmction has the boxmdary conditions, obtained from 
Eq. [59], 
a) Along PQ 
b) Along OR 
c) Along RS 
d) Along SP 
^ = ^  + Ny , 
n. = (K + N)y , 
n = + Ny , 
n. = ^  + Ny + i(N-L)a . 
The flow region in the XL-plane can be plotted from the 
above relations. Since only along SP, rL has an imaginary 
part, the points P, Q, R, and S will fall along the horizontal 
axis, with P and S again occurring on the line XI = i(N-L)a. 
Referring to Figure 18, y equals b at Q and c at R. Hence, 
XIQ = (K+N)b and = (K+N)c. At S, = -Ly. Hence D-G = 
(N-L)y, but there y = -oo and N-L <0. Thus Xlg = oo or 
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ilg = 00 + i(N-L)a. At P, y = 0 and ^ = -oo . Therefore 
-CIp = -oo or Hp = -00 + i(N-L)a. Pigiare 20 shows a plot of 
the fimction /I. 
The problem has now been reduced to that of transforming 
the strip on the XL-plane to the flow region of the w-plane. 
This may be done by transforming this strip to the upper half 
of an 9-plane, transforming the hodograph to the upper half 
of the c-plane through the use of the intermediate ^ -plane, 
and matching the and -planes. 
Considering first the strip on the il-plane, and recall­
ing that the transformation w = exp z maps the strip y c 11 
onto the upper half of the w-plane [see (ij . 9 ,  p. 85) or (63 ,  
p. 388)], it appears that the transformation desired here is 
9 = exp [n-0./(N-L)a] . [61] 
Prom Figure 20, -0.p = - 0 0  and -£lg = + 0 0 .  Hence = + 0 0 ,  
v^g = 0. Defining y as 
Y = (K + N)/(L - N) , [62] 
it also is readily seen that = exp(-ncY/a) and 
exp(-itbY/a). Figure 21 depicts the 7-plane. 
Next is the mapping of the hodograph plane onto the 
o-plane. To facilitate this process, an intermediate ^-plane 
is introduced. Let 
= ^ + i£. = (K + N)/(-N + iw) . [63] 
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Por simplicity, let (K+N) = p and N = -q with p and q both 
positive. Then 
I = p/( q + iw) . 
Separating the real and imaginary parts, one finds 
S* = -p(v-q}/[(u^ + (v-q)^] , 
£ -pu/[(u^ + (v-q)^] , 
[64] 
with the inverse relationships 
u = -p £ /( , 
v  =  q - p ^ / ( £ ^ + 5 ^ )  •  
[65] 
The line u = 0 in the w-plane is seen to correspond to 
the ^-axis in the |-plane, for, from Eq, [6i|.] , 
1= -p/(v-q) [66] 
when u = 0. 
The circle 
+ (v-b-a/2)^ = a^/4 
in the w-plane is mapped onto the ^ -plane as the line ^ = -1, 
as may be seen by substituting the expression of Eq. [65] into 
the equation of the circle. 
The points w^ and WQ  lie on the v-axis with v = q. Hence, 
from Eq. [66], ^ = oo and = -oo. The signs may be ob­
tained by considering the direction of approach. These points 
also lie on the circle in the w-plane, or the line ^ = -1 in 
the ^ -plane. Hence, from Eq. [65] , with v = q and ^ = -1, 
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q .  q = -p(-l)/{ + 1) , 
S = 00 . 
T h u s  ^ Q = ^ p  =  - l  +  i o o .  w ^  =  0  w h i c h  y i e l d s ,  w i t h  E q ,  
[66], ^ ip = p/^« Similarly, = + oo and = 0. At S, 
Wg = -iL which corresponds to 
is = -pA-L-q) = (K+N)/(L-N) = Y . 
Inspection of Pigtire 19 shows that 
W(^, =-<a/2) sin 2 0 - i(a/2) cos 2 9 + i(a/2 + b) • 
Substitution into Eq. [614.] shows that 
Q, = -1 + i cot 9 . 
Similarly, substitution of WQ„ = i(p+q) results in ^qm = -1 • 
A plot of the ^-plane is shown in Figure 22. 
The configuration in the ^-plane is a rectilinear poly­
gon, so that a Schwarz-Christoffel transformation may be used 
to map it onto the upper half of the o-plane. Such transforma­
tions are of the form (63 ,  p. 398)  
a,/x[-l ttp/n-l OL /ti-1 
d ^ /do = A(o-02^) (0-O2) ... (O'Oq) » 
where A is a complex constant, the a's the interior angles of 
the polygon and and 02* ... the fixed points on the real 
o-axis corresponding to the vertices of the polygon. Three of 
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these points o^^, ©£ ••• may be chosen arbitrarily (if, p. 
71}.) ^3 long as their order of magnitude is the same as the 
order in which the corresponding vertices occur when the sides 
of the polygon are traced. It is here convenient to choose 
Oq. = -1. = 0, and Op = + 00. Since the polygon has only 
three sides, all of the values may be assigned independent­
ly, The exterior angles, as shown in Figure 22, are = 
-n, ic-a2 = 3"it/2 and it-a^ = 3''t/2. The choice of = + oo 
allows the cancellation of the corresponding term from the 
differential equation (20, p. Sk^) > so that there results 
d^/do = Ao^^^(o+l) . 
To integrate this equation, it may be written as 
^ = k^{a/a\/a )da + ^do/o \/^ 
= A(2o^/^ - 2a'^/^) + B 
= 2A{a-l)/a^/^ + B . [67] 
By the choice of the constants Oq and 0^^, the real axis 
of the ^-plane has been mapped onto the positive real axis of 
the a-plane. Thus, for a s 1^ J must be real. Prom Eq. [67], 
'b = B in that case. Hence, B must be real. Also, since 
(o-l)/o^/^ is real for o real and positive as well as A 
must be real. To evaluate A and B, substitute Oq, = -1 and 
^ Q, = -1+i cot 0 into Eq. [67] to find 
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-1 + i cot 0 = 2A(-2/i) + B 
= B + 1+Ai . 
Hence, B = -1 and A = (1/4) cot 9. 
Thus it has been shown that the required transformation 
is of the form 
\ = (o-l) cot 9/2o^/^ - 1 . [68] 
2 2 Since ^Qit = -1, Oqit = 1. Let Op ~ » Og = M- » and 
2 
= V ; then it follows from Eq. [68] that 
tan 9 = ( a2-1)/2A , [69 ]  
(1+Y) tan 0 = {p,^-l)/2|x , [70] 
(-K/N) tan 9 = (V^-1)/2V . [71] 
Since Y > 0 and (K/-N) > y, < V^, The o-plane is 
shown in Pigvire 23 .  
There remains the matching of the upper halves of the *7-
and the o-planes. This must be done by means of a broken 
linear transformation. The general form of this transforma­
tion (4, P* 175; 20, p. 512) may be given as 
= (a^a+a2)/(o+a^) , 
where a^, and a^ are complex constants. This transforma­
tion causes a shift of the o-origin to reflexion about a 
line through the new origin with amplitude 1/2 arg (ag -
and inversion about this origin with the inversion constant 
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~ result is the o-plane mapped onto the 
-plane, but with the v^-origin shifted to a^^. 
In the present problem, the constants may be taken as 
real. There are foTir points which could be matched, namely 
P, S, R, and Q,. As pointed out before, only three of these 
may be matched at will, the fovirth one then being determined 
through the others. Choosing to match P, S and R, the trans­
formation takes the form 
[ (a-ii^)/(a- A^)] exp(-TicY/a) . [72] 
This corresponds to a choice of 
a^ = exp(-ircY/a) , 
= -tt exp{-7tcY/a) , 
Subtracting exp(-ncY/a) from each side of Eq. [72] and simpli­
fying the expression, there results 
rj - exp(-ncY/a) = - '^^)/(o- A^)] exp{-iccY/a) • 
In this form, it is apparent that the above choice of the con­
stants may be interpreted as a shift of the -origin of 
exp(-ncY/a), a shift of the o-origin of A and inversion of 
the distances from the new origins by the relation 
—— 2 2 (Po) (Ry) = - (p. - X ) exp(-ncY/a) . 
It is the negative sign in this last expression which causes 
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the upper half of the rj -plane to be mapped onto the upper 
half of the a-plane. 
Substitution of OQ  = 0 and 7q = expl-Kby/a) into Eq. 
[72] yields the additional relationship 
exp[Tc(c-b)Y/2a] = n/A = 1 + p . [73] 
This equation may be considered the definition of p, a para-
2 2 
meter which will be needed later. Since > A , p > 0 and, 
incidentally, c > b as was to be expected. 
In summary, a functional relationship has been developed 
between co and w by following two paths which schematically 
may be depicted as 
CO > Xi "> >• €" J 
w ^ ^ >• a 
Since w = dto/dz, the differential equation for to as a fxmc-
tion of z is now known. The integration of this equation is 
all that remains. 
d. Integration of <x> =0k3(z). Integration of the differ­
ential equation will be simpler if the parameter t is intro­
duced, where t is defined by 
A t = . [71+] 
This relationship maps the upper half of the o-plane onto the 
first quadrant of the t-plane (63, p. 399). It yields: 
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tp = 00, i oo; tQ, = i/A  ; = 0; t^n = l/A ; = 1; tg = 
M./A ; = v/A . The t-plane Is illustrated in Figure 2I4.. 
It is interesting to note that the phreatic surface is mapped 
onto the imaginary t-axis and the rest of the boundary of the 
original flow region onto the real t-ajcis. 
It follows from Eqs. [61] and [72] that 
XI=Yc(L-N) - [a(L-N)/ic] In [{o-ti^)/(o-A^)] , 
which, with Eqs. [62] and [7I4.] , may be written as 
= (K+N)c - [a(L-N)A] In [ (A^)/( t^-D] . [75] 
Differentiating, 
dll/dt = -2a(L-N)(tJiVA^-l)t/[it(t^-liVA^)(t^-l)] . [76] 
To express in terras of z, use is made of Eqs. [52] and 
[60], from which it appears that 
d-Q. = du> - iNdz = -(w + iN)dz . 
Prom Eq. [63 ]  it is seen that 
-(w + iN) = i(K + N)/| 
so that 
d-O, = [i{K + N)/ I ]dz . 
Using Eqs. [68] and [7i|.] , this relationship may be changed into 
i ( K + N ) d z  =  j " [ ( t ^  A ^ - l ) / 2 t A ]  c o t  e - l ]  d J X  ,  
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whlch, by substitution into Eq. [76] , gives the differential 
equation for z(t) as 
l(K«)dz = - AV.l)cot 9 . [77] 
Tt A (t -ttv A^)(t -1) 
Integrating this equation, one finds 
where C is a constant of integration. If 0 is eliminated by 
means of Eq. [70] for the first of the terras within parentheses 
and by means of Eq. [69] for the second, and if Eq. [75] is 
used to eliminate fL, there results 
2 2 2 
i(K+N)z = -(K+N)c + I (L-N)(ln + In ) 
t —l 
I ^ ® • t''®! 
To evaluate C, "tg = oo = a+ic are substituted into the 
above relationship, which yields C = ia(K+N). 
If both sides of Eq. [78] are divided by (K+N) and 
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raultiplled by -1, there results 
z = a+ic + || [2 ln(t+l) - ln(t+l+P) - ln{t-l-p)] 
+ ~ (1 + i) [In(t-l-P) - ln(t+l+p)] , 
with p defined as in Eq. [73] y as in Eq. [62]. Simplifi­
cation yields finally 
i = a + 10 + 1 I (in + I in . [79] 
Prom Eq. [60], to = XL + iNz, Hence to(t), found by 
substituting -Q.(t) and z(t) into this e3q)ression and rearrang­
ing terms, is 
CO = Ke + INa + I (L In + N In In -jljlp) • 
[80] 
Thus z and co are both given as fvinctions of t, so that 
the desired relationship between co and z has been established: 
Eqs. [79] and [80] constitute the formal solution of the 
problem. 
This solution still has one serious shortcoming, however, 
namely that it involves the tinknown constant j3. This unde-
terminate condition is a result of the incomplete boxandary 
conditions that have been imposed. To solve the problem com­
pletely, it would mathematically be sufficient to specify the 
complex potential at some one point of the flow region. 
-133-
Physically, this may be interpreted as specifying the pressure 
conditions in the drain. 
e. Equations for the water table. It has already been 
pointed out that the iinaginaj?y axis of the t-plane represents 
the water table. Hence the equation of the water table may be 
obtained from Eq. [79] by equating t to is, where is repre­
sents the imaginary part of t. This operation yields 
To simplify this relationship, use is made of the following 
identities: 
z = a+ic + i I (In + I In . [8l] 
2is(l+p)3 In(is-l-P) 
In [3+i(l+p)] + i In (-1) 
s+i(l+p) . 1 
a - i i U h  ^ 2  
i(l+3)+3 . 1 
i(l+&)-s 2 
I 
ln(is+l+p) = I In [-3^ + (1+p)^ + 2is(l+p)] 
= I In [s - i(l+|3)]^ - I In (-1) 
i tan"^  + i In [s^ + (1+P)^] , 
ln(is+l) = ^  In (-s^ + 2is + 1) 
= 1 tan"^ s + ^  In (s^ + 1) 
In these, use was made of Peirce's Eq. 61^5 (62), Substitution 
into Eq. [81] gives, after some simplification, 
2 
z 
_ 2a /1+Y ^__-l s 1 . ia s +1 
- (-J tan - - tan 3) tic + — In • 
Separating the real and imaginary parts, there result the two 
parametric equations for the coordinates of the water table 
I = I (1^ tan-l ^  - i tan-^s) 
2 0 ^ s « 00 [82] 
y _ c .  3 + 1  
These equations still involve the unknown height of the 
water table, c, midway between drains. An equation for c may 
be obtained by substituting the corresponding values Zp = 0 
fiuid t^ = 1 into Eq. [79]: 
P •• 
0 = a + ic + i|(ln ^  + | In • 
Multiplying by i and transposing, 
^ - l n  =  l n S | £  +  | i n ^ - l K  ,  
from which 
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2£ = i„2|e + ilnS|e . (83) 
Comparison with Eq. [73] shows that 
^ = In ^  + I In . [84] 
f. The quantity It was stated before that the solu­
tion presented still involves the unknown quantity p. Since 
p p 
a = > o = A , the definition of p as 1+p = jx/A requires 
s p 
that p > 0. Furthermore, Eqs. [69] and [70] require that, 
for finite tan 9 0, 
(1+Y)( -^^-D/A = (n^-D/ti . 
If one sets (1+P) = |x/A = k(l+Y), this relationship reduces to 
k = ( . 
p p 
Since iJL > A , it follows that k < 1 or p < Y» For 6 = ic/2, 
however, or for 0=0, p = y» Thus it appears that the 
restriction must be put on p that 
0 < p ^Y • 
Eqs. [83] and [81^.] show that, for a given value of y» a 
decrease in p is associated with an increase in b and c, but 
such a decrease causes the difference c-b to become smaller 
(Eq. [73])• Also, it may be seen from Eqs, [69] and [70] that 
0, a single-valued function of p, increases with increasing p. 
At the maximum, 0 = it/2 and p = y • 
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This behavior of p indicates that low values of p repre­
sent high water tables or high pressures in the drains and 
high values of P correspond with low water tables and low 
pressures. The lowest possible water table for a given spac­
ing and fixed y apparently occurs when p = y* 
The pressure in the drain may be used to determine the 
appropriate value of p. It was assumed before that the drains 
were point sinks, but suppose now that they are shaped like 
the eq\iipotential passing through the point = ir^. This 
will not change the previous discussion in any way and if r^ 
is very small, the shape of the drain will approximate a cir­
cle of radius r^ with center at the origin. Corresponding to 
, there is a point t^ = 1 + ^. Since this point lies on 
the line PS, < tg and thus 5 < p. The relationship between 
r^ and ^ may be fovind from Eqs. [79] and [83] as 
'"o/® = 1° ^  ^ - I In (1 + ^/Z) . (85) 
The potential, ^  , is the real part of Eq. [80] evaluated at 
^o' 
= Kc + (a/n) I L ln[5'/{p-S )] + N ln[(2+p+ S )/5'] 
+ [(K-N)/y] ln[(2+ ^ )/(2+p+S' ) ]  1 .  [86] 
Here it must be noted that, since ( S'-p) < 1, a factor 
(aL/ic) In(-l) was added to the imaginary part. Thus -
a(N-L). If the pressure in the drain is denoted by p^ and the 
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plezometric height by h^, then from Eq, [li-S] , 
- r^) = K(h^ - r^) . [87] 
Thus one has Eqs. [83], [8^], [86], and [87] to solve for 
the unknowns P, ^ and c, given values of y, h^, r^, and 
a. Prom these relationships it may be definitely concluded 
that p is a f\inction of the conditions along the drain 
boundary. 
If one equates p and y in Sqs. [83] and [8I4.] , the lowest 
possible values of b and c are obtained. The equations become 
nCj^inA = ln[(2+P)^] + (2/Y) ln[(2+P)/2] [88] 
and 
nbjjjin/a = ln[(2+p)/p] + (2+y) ln[(2+p)/(2+2p)] .  [89] 
a plot of these equations (Pigxire 2$)  together with Eqs. [83] 
and [8i|.] for Y/P = 2, 10 and $0 shows that the difference be­
tween c and is less than 10 per cent when y/2 p ^ y» 
The ratio however, is on the order of ^en p = Y/2. 
In practice, b is generally small compared to c and often near 
zero. Thus fairly large values of P may be expected. Besides, 
the estimation of c is far more important than that of b. In 
view of these considerations. Van Deemter concluded that Eqs. 
[88] and [89] constituted a useful and simple approximation. 
A more detailed examination of the relationships govern­
ing the influence of p has brought out some limitations to 
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A more detailed examination of the relationships govern­
ing the influence of P has brought out some limitations to Van 
Deemter's solution. In practice, a non-zero drain radius must 
be taken into account. In order to be able to treat the drain 
circumference as an equipotential, it must at least run full, 
or h^ must be chosen large enough for Reducing Eqs. 
[83], [86], and [87] to one by eliminating and c, there 
results a relationship which, together with Eq. [85], fixes p 
and S for a given set of physical conditions. Calculations 
from these formulae bring out that both h^ and increase 
with increasing % for constant p and y* Figure 26 is an 
example of the type of relationship that is obtained. If the 
points of intersection of a series of sets of such curves are 
plotted against the corresponding values of p, the curves of 
Figvire 27 are obtained. In this graph, some curves for = 
are also presented. 
Curve I of Figure 27 shows that, with the drain running 
just full, the lowest water table to be obtained from the Van 
Deemter solution (P=y) will require a lower r^ for a higher y* 
Thus a decrease in rate of rainfall will decrease the drain 
size required to make it flow just ftill. Since the constant 
water table position implies a constant potential to be dissi­
pated, this is according to expectations: the smaller drain 
will increase the resistance to flow and hence decrease the 
discharge rate. 
For a fixed permeability and given rates of rainfall and 
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upward flow (i,.©,., Y = constant), a decrease in p is associ­
ated with a decrease in r^ if r^ = h^, or an increase in h if 
o o o' o 
r_ is constant. This may be seen from curves HI and IV. 
o 
Curve II indicates that at a fixed value of p = y» the 
pressure in the drain as indicated by h^ increases faster than 
the drain size, r^. Thus Van Deemter's solution requires that, 
for given y, the drains run under back pressure if the radius 
is larger than indicated by curve I. Taking as an example 
N = -1.19 inches/day, L = 0, K = 10 feet/day and a = ^ 0 feet, 
then Y = 100 and curve II yields icr^/a = 0.002^. Thus a drain 
larger than (2)(0.0025)(50)(12)At = 0.95 inches in diameter 
must mn under press\ire in order to cause a water table as 
given by Eqs. [88] and [89]. Similarly, 10 inch tile at 100 
foot spacing will need at least 11 inches of rain per day if 
it is not to run under pressure and satisfy the Van Deemter 
solution. In other words, a well designed tile system will 
result in a lower water table than predicted by the equations 
xinder normal conditions. 
g. Applicability of the solution for drainage problems. 
The derivation of the solution was restricted to the cases 
where K + N>0, L-N>-0, L>0, and N < 0. However, nowhere 
use was made of the conditions L > 0 and N < 0. Thus the 
solution must also apply when these conditions are not satis­
fied, as long as L - N >0 and K + N >0. The graphs of the 
flow region in the various planes must be changed, however, in 
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that the position of point T with zero velocity between R and 
S was a direct consequence of the assmptions concerning N 
and L. 
Besides the case already considered, there are two other 
possibilities. One could have rainfall and deep seepage, or 
evaporation and upward seepage. Referring to the original 
condition as case I, the second as case II, and the last as 
case III, the three cases may be siunmarized as follows: 
Case I: N < 0 < L , 
Case II: N < L < 0 , 
Case III: L > N > 0 . 
All three conditions cause the drains to remove water, since 
in each case L - N > 0. But in the first case, point T will 
lie on the line whereas in the other cases it will lie on 
the line PQ. For case II, it must be between P and S; for 
case III between P and Q. This will change the magnitude of V 
relative to p, and A , but the value of V was of no importance 
in the derivation of the solution. 
Finally, it was implicitly assumed that there was only 
one point of inflection on the water table. That there can be 
oxily one point of inflection may be proved by assuming that 
there were more than one. Then the hodograph would, along its 
circTilar boundary, reverse direction once for each point of 
inflection. Since the hodograph is traced once for one tra­
verse around the flow region in the z-plane, there must exist 
a one to one correspondence between the points of the flow 
region in the z-plane and the points inside the hodograph in 
the w-plane. Since the boiindaries form part of the conformal 
regions, this one to one correspondence contradicts the "back­
tracking" of the hodograph. Hence, only one point of inflec­
tion can occur. 
h. The location of the point T. The position of the 
point T may be obtained from Eq. [79] by the substitution of 
t = t^ = V/A . Thus 
= a + ic + ^  (In + I In ^ • t^O] 
If p is known, v and A may be calculated from Eqs. [69], 
[70] , [71] , and [73]. Then would be known from Eq. [90]. 
These calculations are considerably simplified for the limit­
ing case p = Y* As in the previous section, three cases must 
be recognized. 
In case I, where N < 0 < L, Eqs. [69] and [71] may be 
solved for X and V as 
A = tan Q + ^  (14. tan^9 + » 
V = -|tan0+i ( ^ tan^O + , 
so that 
t = ^  s -K/N ± + cot^Q)^/^ 
^ 1 + (1 + cot^©)V2 
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If p = Y, then 6 = n/2 and 
t^ = -KA . 
Prom Figure 2i|., v/A >l + port^>l + y* Thus, if the 
ordinate at T is designated by h, = a + ih and 
i.(c^-h)/a = in + f in . [91] 
In the second case, t^ = -K/N as before, but = ih 
and 1 < -kA < 1 + Y' Thus 
ic(e^-h)/a = in * f In 
In the third case, -K/^ < 0. Hence 0< V<1, Since 
0 = it/2 causes tq = tQ, , X must approach infinity and V/A = 
0. Thus, with Zj = ih, t^ = 0 and p = y» Eq. [90] reduces to 
n(o„jj,-h)/a = I ln(l + y) 
which is equivalent to (Eqs. [88] and [89]) 
»" = "min • 
Of these three formulae, the first one is of importance 
in cases of salt water seeping up from below. The position of 
point T will indicate the danger of salinification. 
i. Infiltration problems. As has been pointed out 
several times before, the drains will not act as sinks but as 
sources when L - N < 0. Whereas this condition of subsurface 
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irrigation is probably only of limited practical importance, 
it will be of interest to investigate the problem briefly. 
It can be shown that, following the same procedxire, 
exactly the same differential equation will be found when 
L - N < 0 as when L - N > 0. Hence Eqs. [82] , [83] and [8ij.] 
also apply to infiltration problems. The only difference is 
that now x < 0 and that P > 0. Therefore, the approximate 
solution for b^^^ and is no longer valid. This reqtiires 
that p be determined from the pressure in the drain, either by 
the elaborate process used previously or by some approximation 
procedure, before a solution can be foimd for infiltration 
problems. 
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V. COMPARISON OP THEORIES WITH FIELD DATA 
Considering the limited effect of the tile drains on the 
rate of drainage in the field experiment discussed in Section 
III, the theoretical models described in Section IV will not 
be tested against the data from this experiment. Such a 
comparison could not be expected to yield significant results. 
Instead, the field data obtained from other experiments will 
be used in the present section to test some of the conclusions 
of the foregoing theoretical discussion. 
A. Steady State Data 
Due to the uneven distribution of precipitation and the 
relative frequency of high intensity stoirms requiring a large 
capacity drainage system, a condition approaching equilibria 
is seldom, if ever, encountered in the Midwest. In areas with 
a marine climate, however, the rainfall pattern during the 
winter season is often such that it can be approximated 
reasonably well by a constant low rate maintained over a rela­
tively long period. Consequently, Kirkham and De Zeeuw (4?) 
succeeded in obtaining water table and rainfall data from a 
drainage experiment in the Netherlands which lend themselves 
to steady state interpretation; but no such data have been 
reported from other areas. 
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The results of the Dupuit-Forchheimer analysis and the 
hodograph analysis will be compared with the data of Kirldiam 
and De Zeeuw, comprised of water table heights, discharge and 
rainfall measxirements, and permeability measurements for tile 
drains and open ditches at four spacings over a three-week 
period in 1950• Each of the spacings, randomized among each 
other, was replicated three times. 
1. The ellipse equation of Aronovici and Donnan 
As pointed out before, Eq. [12] was also developed by 
Aronovici and Donnan. They wrote it in the form 
S = UK(b^ - a^)/Q , [92] 
where b and a correspond to and h^ in Eq. [12] except that 
they represent the depth to an impermeable layer not neces­
sarily at the same depth as the bottom of the drains. The 
total discharge Q is twice the half discharge of Eq. [12]. 
Certain assumptions must be made before this equation can 
be tested against the data. Considering the permeability data 
reported {1^1, Pigxire 5) aiid. the geological description of the 
area, it appears soimd to assume an impermeable layer l80 cm 
below the surface. This is the upper boundary of a reportedly 
slowly permeable peat layer with K = 5 mm/day. Above that 
layer, the permeability measurements varied greatly, but an 
average of 75 K < 100 mm/day is probably a reasonable 
estlmate. The tile depth was reported as 97 + 5 cm; 97 cm 
will be used here. 
Using the average water table height for the period 
November 27 to December 9, 1950* inclusive {47, Figure 6) with 
the corresponding average rainfall N = 2.82 ram/day, one ob­
tains the comparisons listed in Table 7> Also included in 
Table 7. 
Comparison of Ellipse Equation with Field Data Averaged over 
a 13-Day Period. Q Based on Actual Spacing 
Actual Aronovici and Donnan spacing, m Difference, % 
spacing, Tile Open Tile Open 
m drains ditches drains ditches 
8 9.85 3.64 +23.1 -54.5 
10 11.40 4.38 +14.0 -56.2 
12 11.96 5.98 - 0.3 -50.1 
16 13.42 8.44 -16.1 -47.3 
this table are the comparisons with the data for open ditches 
50 cm deep. In the calculations, the value K = 75 was used 
and Q was determined as the product of the actual spacing and 
the rainfall rate. 
For a change in actual spacing from 8 to 16 m, the spac-
ings calculated from the tile drain data only varied from 9.85 
to 13*14-2 m, while those based on the open ditch data ranged 
from 3«6i|. to m. 
The discrepancy between calculated and actual spacings 
points out the danger of using the ellipse equation for design 
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purposes. The difference between the tiled and open ditch 
cases may at least partly be accoianted for by their relative 
depths. The flow into the shallow ditches with 10 cm of water 
in them or less was probably affected far more by the conver­
gence of streamlines than the flow into the tile drains. 
Probably more important than the observations above is 
the fact that for the tile drains the calculated spacings 
varied more slowly than the actual spacings. This trend will 
be discussed in more detail later on. 
When the discharge was determined as the product of the 
rainfall rate and the tjnknown spacing to be predicted, the 
results were considerably more in favor of the ellipse equa­
tion. However, the shift from a positive to a negative per­
centage difference still prevailed. This is illustrated in 
Table 8. Whereas the percentage difference between calculated 
and actual tile spacings varied from +23.1 per cent to -16.1 
per cent in the previous case, here these percentages were 
reduces to 11.0 and 
Table 8. 
Comparison of Ellipse Equation with Field Data for Tile 
Drains Averaged over a 13-Day Period. 
Q Based on Calculated Spacing 
Actual 
spacing, m Calculated spacing, m Difference, % 
8 8.88 +11.0 
10 10.68 + 6.8 
12 11.98 - 0.2 
16 lif.65 - 8.i^. 
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Another test can be made of the ellipse equation. Dis­
charge measurements and corresponding water table heights were 
recorded at three times on December I3 and 11^. Using these 
discharge figures, the spacings can again be calculated with 
Eq, [92]. The results are given in Table 9. 
Table 9* 
Comparison of Ellipse Equation with Field Measurements 
of Tile Discharge and Water Table Height 
Average 
calcu- Difference Actual Spacing in m calculated for: 
spacing, Dec. 13 Dec. 14 Dec. 14 
m 5 p.m. 3 p.m. 5 p.m. 
8 10.90 10.83 11.96 
10 13.60 12.85 13.23 
12 15.90 14.50 14.38 
16 14.90 22.28 22.20 
lated % 
spacing, m 
11.23 +40.3 
13.23 +32.3 
14.93 +24.4 
19.79 +23.7 
It is of interest to note that the spacings calculated by 
this last method, using actual discharge measurements, were 
considerably greater than those listed in Tables 7 and 8. 
There the spacings ranged from 8.88 to 14.65 m, whereas here 
the range was from 11.23 to 19.79 That greater spacings 
were calculated by the second method than by the first can 
partly be explained by the lack of equilibrium. The water 
table rose December 13 between 11 a.m. and 5 p.m., but dropped 
considerably between 5 December 13> and 3 p.m. on Decem­
ber 114.. It is reasonable to assume that the water table 
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started to drop before $ p.m. on December 13 and continued 
downward during the period covered by the three columns of 
Table 9. Such a dropping water table would result in larger 
spacings predicted by the ellipse equation than from equili­
brium conditions, since a greater rainfall and therefore a 
greater discharge than reported would be required to maintain 
a steady water table. Again, however, it is noted that the 
calculated spacings vary less than the actual, as evidenced by 
the last column of the table. 
2, Hooghoudt's analysis 
Similarly to the calculations leading to Table 7, the 
tables prepared by Hooghoudt, the use of which has been illus­
trated in Appendix B, can be checked against the average con­
ditions observed between November 27 and December 9. This re­
quires , in addition to the data used previously, the radius of 
the tile. Since the tile used had an inside diameter of 5 cm 
and outside diameter of 7 cm, it was assiamed for the present 
purpose that r^ = 3 cm. It is realized that this value may be 
too low since the tile lines were blinded with peat; however, 
the effect of a change in r^ on the spacing would be relatively 
small in view of the logarithmic nature of the equations. 
The calculations yield the comparison presented in Table 
10. Whereas these data are insufficient in scope to warrant 
any far reaching conclusions, they do show better agreement 
between theory and field results than was found in the case of 
the ellipse equation. Considering Hooghoudt's assertion that 
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Table 10. 
Tile Spacizigs Calciilated tram Hooghoudt's Tables 
for the Field Data Averaged over I3 Days 
Actual Calculated Difference 
spacing, m spacing, m % 
8 7.0 -12.5 
10 9.0 -10.0 
12 10 -13.3 
16 13.2 -17 .5 
the tables yield a solution of his equations with an accviracy 
of + 10 per cent, essential agreement may be claimed in this 
case. Also, it was assumed that E - 75 nm/day, but the data 
would warrant a selection of K = 100 mm/day as well. Whereas 
Table 10 shows the calculated spacing to be between 10 and 
13*3 cent less than the actual spacings between 8 and 12 
m, selecting K = 100 would have resulted in corresponding 
positive differences from 16 to 20 per cent. The result for 
the 16 m spacing seems to deviate somewhat from the others 
with a percentage difference of -17.5 P®r cent for K = 75* Of 
particular importance is the nearly constant percentage of 
difference between actual and calculated spacings. 
The available evidence corroborates Hooghoudt's statement 
that his tables are s\ifficiently acc\irate for design work 
where steady state conditions can be assumed. 
Comparing the calculations based on the ellipse equation 
with those based on Hooghoudt*s tables suggests that the 
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neglect of convergence is the most serious shortcoming of the 
ellipse equation. Hooghoudt's tables combine radial flow near 
the drains with horizontal flow in the section midway between 
drains. Otherwise both analyses are essentially identical. 
3. Van Deemter's solution 
Strictly speaking, a comparison of the field data of 
Kirkham and De Zeeuw with Van Deemter«s solution is not pos­
sible , for this solution applies only to a semi-infinite, 
homogeneous soil. Nevertheless, a comparison will be made and 
the effect of the less permeable peat layer investigated 
afterwards. 
It will be assumed for the present that the hydraulic 
conductivity was viniformly 100 mm/day and the rainfall 2.82 
mm/day. Kirkham and De Zeeuw have shown that there was some 
upward seepage but that it was less than 2 mm/day. Assuming 
then that L = 2, 1 and 0 mm/day, three values for y are found: 
Y = 20.2, 25.1^. and 
It is also necessary to choose a reasonable value &r p. 
It has been shown before that a large p corresponds to low 
pressures in the drain, and that varying p over the range 
Y/2 < P ^ Y has little effect on the solution if b is small. 
Inspection of the data shows that b = 0 or nearly so. A check 
of the tile capacity with Manning* s formula showed that the 
tile would rxm at only about one-third capacity if it had a 
0.05 pdz* cent slope. Although the exact slope was not given. 
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the data lead one to believe that the actual slope was around 
0.2 per cent. Thus It seems safe to state that the tile 
drains never ran fiJ.1. One may conclude that the assumption 
P 5s y is probably very nearly correct. 
Using Eq. [82], the water table was plotted for the three 
values of y corresponding to the three rates of upward seepage 
listed above. Curves (1), (2) and (3) of Pig\ire 28 depict the 
resTilting curves. As was to be expected, decreasing L resulted 
in a lower water table. Since Eq. [82] yields corresponding 
values of x/a and y/a, the shape of the curves is not affected 
by the spacing. It is known that 0 < L < 2 so that curves (1) 
and (3) represent the upper and lower boundaries between which 
the water table must lie if the assumed value K = 100 is cor­
rect. Curve (1) may also be interpreted as the case where K = 
80, L = 1, and N = -2.82. Hence curves (1) and (2) may be con­
sidered the limits between which the water table must fall for 
80 < K < 100 and L = 1. 
Superimposed on the three curves just discussed are 
curves (4) and {$) showing the actual water table observed for 
the 8 and 16 meter spacings respectively. To avoid confusion, 
only the center points for the 10 and 12 meter spacings are 
shown: they coincide. In agreement with the statements of 
the previous paragraph, the values for y/a at the midpoint all 
fall within the range 0.090 < y/a < 0.106. However, contrary 
to ea^ectations, the curves for the different spacings do not 
coincide. The differences between them are too large to be 
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attributed to experimental error. 
This discrepancy Is apparently equivalent to that noted 
with the ellipse equation in that it also shows a slower rate 
of change of calculated spaclngs than was observed in the 
field. The same thing may be expressed in another way; Van 
Deemter's theory as well as the ellipse equation requires a 
greater change in water table behavior with spacing than was 
borne out by the field tests. Whereas comparison with 
Hooghoudt's tables seemed to indicate that this was due to the 
convergence effect for the case of the ellipse equation, such 
an explanation is not tenable in the case of Van Deemter* s 
solution which is based on the Laplace equation. 
One possible explanation is based on the lack of homo­
geneity of the experimental field. If the position of the 
point T is calculated from Eq. [91], using y = 25.4, L = 1 and 
K = 100, it is found that h/a = -0.5337. With s\2fflclent 
accuracy for present purposes, the effect of the limiting 
streamline PT is equivalent to that of a horizontal, imperme­
able layer midway between P and T. Hence, an Impermeable 
layer a distance h/2a or more below the x-axls will have a 
negligible effect on the flow pattern above this layer. In 
the present case, h/2a = -0.2669 and the depth, -h/2, corre­
sponding to a spacing of 8 meters, is 1.07 m; for 2a = 16 m, 
-h/2 = 2.14 ro* These figures show that the less permeable 
peat layer at a depth of l80 cm below the surface, or at y = 
-86 cm, does not greatly affect the accxiracy of the Van Deemter 
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smalysis for the 8-meter spacing, but does have a pronounced 
effect on the l6-meter spacing. The impermeable layer re­
stricts the flow and thus would cause a higher water table 
than is indicated by the analysis. Had the soil been homo­
geneous to great depth, then curve (5) of Pigtire 28 woiG.d have 
approached curve (i^.) more nearly. 
Finally, there is a distinct difference in shape between 
the theoretical and actual curves of Figure 28, This may be 
explained by the failure of the field conditions to satisfy 
the boundary conditions assumed in the Van Deemter analysis. 
As evidenced by calculations mentioned earlier and also by 
inspection of Figure 27, the ^-cm tile drains flowed less than 
full, making it incorrect to assume that the tile circumfer­
ence is an equipotential. This low pressure in the drains 
would cause a more pronoimced drawdown effect near them than 
the theory would lead one to believe, 
B. Data for a Falling Water Table 
Contrary to the steady state case, a variety of observa­
tions have been reported concerning falling water tables. The 
present discussion will be restricted to the data of Kirkhara 
and De Zeeuw mentioned earlier, a series of observations made 
on the Gibbs farm near Le Sueur, Minnesota (71), and some data 
collected by the Iowa Agricultiiral Experiment Station (33) • 
The tile spacing experiment on the Gibbs farm consisted 
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of 7 replicates at 2$ foot spacing, 8 at 50 feet, at 100 
feet and one at 300 feet. The soil was described as Webster 
silty clay loam, but no fxirther information concerning the 
physical characteristics of the soil or the cropping practice 
is known to this writer. All tile lines were placed at a 
nominal depth of 1^. feet. The spacings were grouped from nar­
row to wide across the field without randomization. The pre­
sence of a deeper main near the first two tile lines 25 feet 
apart affected the rate of drawdown in that area and the 300 
foot wide plot was drained on one side by a shallow open ditch 
rather than a tile drain. These factors may raise some doubt 
about the validity of the results, but it is believed that, 
with the exception of the widest spacing and by eliminating 
some of the data for the 25 foot spacing, a sound comparison 
can be made. Drawdown curves are available for the water 
table following three rains in 1911-6. The average hei^t of 
the water table above the tile drains at a series of days 
after each of these rains was determined from these records 
and is presented in Table 11. 
The data of the Iowa Agricultural Experiment Station were 
collected on a series of spacing experiments which have not 
yet been concluded. Only limited data can be quoted with any 
confidence* Permeability determinations have been insuffi­
ciently replicated. The data used in this discussion have 
been tabulated in Tables 12, I3, lij., and 15. 
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Table 11. 
Average Height of Water Table above Tile midway between 
Drains on Gibbs Farm following Three Rains in 1946 
Date Spacizig, feet 
25 50 100 300 
June 2h (1.5 inches of precipitation) 
25 0.614. 0.93 2.54 3.64 
26 0.29 0.1^4 1.47 3.36 
27 0.21+ 0.20 0.90 3.00 
28 0.10 0.11 0.68 2.54 
29 0.08 0.07 0.56 2.50 
July 28 (3*3 inches of precipitation) 
29 0.70 1.55 3.08 3.72 
30 0.68 0.89 2.18 3.55 
31 0.58 0.67 1.42 3.25 
Aug. 1 O.lj.9 0.63 1.25 2.73 
2 0.40 0.58 1.08 2.44 
3 O.J4.O 0.52 0.90 2.44 
k 0.37 0.49 0.81 2.33 
5 0.33 0.46 0.72 2.08 
6 0.28 0.43 0.72 1.93 
Sept. 8 (i|..2 inches of precipitation) 
9 1.30 1.54 3.24 3.52 
10 .80 1.08 2.18 3.28 
11 .27 .38 1.18 3.04 
12 .15 .18 .79 2.76 
13 — — .34 1.84 
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Table 12. 
Water Table Drawdown Data from Spacing Experiment on 
R. K. Goodwin Farm, Chickasaw Coionty, Iowa 
Carrlngton silt loam; approximate K = 9 ft/day; 
nominal depth Ij. feet 
Spacing Depth water table below surface, feet 
feet 5/3/53 5/ij./53 5/5/53 5/6/53 
50 2.32 2.37 2.64 3.05 
75 1.73 1.89 2.02 2.1k 
100 1.1^.6 1.58 1.76 1.88 
125 0.92 1.22 1.51 1.67 
150 0.40 0.63 1.08 1.19 
200 0.19 0.45 0.81 0.91^-
Table I3. 
Water Table Drawdown Data from Spacing Experiment on 
Raymond Kneer Farm, Jefferson County, Iowa 
Haig soil type; K unknown, nominal depth 3 feet 
Spacing Depth water table below surface, feet 
feet 6/8/53 6/9/53 6/10/53 6/11/53 6/12/53 
33 1.29 1.37 1.50 1.57 1.66 
50 0.88 1.01 1.19 1.28 1.39 
66 0.85 0.93 1.05 1.13 1.21 
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Table li^.. 
Water Table Drawdown Data from Spacing Experiment on 
Howard Covinty Experimental Farm, Howard County, Iowa 
Plastic till phase of Carrington-Clyde complex; 
approximate K = 10 ft/day; nominal 
depth feet 
Spacing Depth water table below surface, feet 
5A/53 S/S/53 5/6/53 5/7/53 S/8/g3 5/9/53 
50 2.29 2.36 Z.Uk 2.54 2.65 
100 0.76 1.08 1.39 1.57 1.7i|. 1.87 
Table 15. 
Water Table Drawdown Data from Spacing Experiment on 
Wm. McGormick Farm, Webster County, Iowa 
Webster silty clay loam; approximate K = 20 ft/day; 
nominal depth I4. feet 
Depth water table below surface, feet 
feet 5/1/53 
5 pm 
5/2/53 
1:30 pm 
5/3/53 
8 am 
5/i+/53 
7:15 am 
5/5/53 
7:15 am 
5/6/53 
7:15 am 
50 1.32 1.83 2.15 2.37 2.59 2.77 
75 0.75 1.12 l-3k 1.57 1.82 1.98 
100 0.66 0,9k l.llj. 1.33 1.14.6 1.68 
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1. Walker'3 equation 
The sinalysis of Walker was discussed on pp. 92-99* It 
yielded Eq. [37] for the determination of the proper spacing. 
In order to check this equation against the field data of 
Klrkham and De Zeeuw, y can be calciilated from the water table 
depths at two points in time and the depth of the tile. The 
angle 0 may be determined from Eq, [36]. Considering the depth 
to the center of the tile drains to be 9ii. cm, the hydraulic 
conductivity 100 imn/day and the porosity 2.5 per cent, the 
spacing was calculated with Walker's equation from the data 
for two periods of two days each. The frequent occxirrence of 
showers made it difficult to find other time periods where the 
data could be applied in this manner. The results are 
sximmarized in Table 16. 
Table 16. 
Comparison of Walker's Equation with Data of Klrkham 
and De Zeeuw for Tile Drains 
Actual 
spacing 
m 
Spacing in m calculated for; Sx/SlO® 
Dec. 2-1^ Dec. 7-9 Dec. 2-4 Dec. 7-9 
8 I4J..6 29.8 0.935 0.986 
10 30.2 1.000 1.000 
12 ©.2 30.6 1.083 1.012 
16 i^65.0 5i^.8 10.45 1.818 
Sj{./Sio = ratio of calculated spacing corresponding to 
actual spacing x to calctilated spacing corresponding to actual 
spacing of 10 m. 
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As was mentioned on p. 98, on theoretical grounds one 
would expect Walker's equation to result in too great a spac­
ing. Table 16 bears out this reasoning. The calculated spac-
ings are from about to 30 times larger than the actual. The 
last two colxjmns show that the relation between change in rate 
of drop of the water table and spacing is not properly ex­
pressed by the equation either; except for the 16-meter spac­
ing, the difference in calculated spacings was far smaller 
than for the actual case. 
A simllsu? comparison can be made with the data of Table 
11. Because the hydraulic conductivity and the porosity are 
not known, the spacings cannot be calculated explicitly. The 
product fS/K, however, is tabulated in Table 17, together with 
the S^/S^^QQ ratios as defined in Table 16. These S^/s^qq 
ratios show that the actual and calculated spacings are ordered 
similarly, but little lacre can be said about them. If it is 
assiuned that the hydraulic conductivity of the Webster sllty 
clay loam was about 10 ft/day and its drainable porosity about 
5 per cent, the fS/K values would have to be multiplied by 200 
to give the spacing in feet. That would yield spacings vary­
ing from 800 to 10,000 feet, compared to the actual range from 
25 to 300* So again it is found that Walker's equation re­
sults in spacings that are far too wide and that the relative 
effect of spacings cannot be predicted from it with any 
certainty. 
The same type of analysis has been applied to the data 
Table 17. 
Comparison of Walker's Equation with Data from Gibbs Farm 
Actual June 25-2? July 29-30 July 29-AUK. 2 Sept. 9-11 
spacing ffe/K s /s l % f&/k " % fS/K ^ 
ft days 100 days 100 days 100 days x^ 100 
25 4.00 0.57 78.00 7.53 13.9 0.94 4.16 0.55 
50 k.*00 0.57 5.57 0.5i^ 12.6 0.89 4.89 0.64 
100 7.08 1.00 10.35 1.00 11J..2 1.00 7.61 1.00 
300 19.80 2.80 78.60 7.60 35.i|. 2.49 49.48 6.50 
Table 18. 
Comparison of Walker's Equation with Data from Iowa Spacing Experiments 
Actual 
spacing 
ft 
Goodwin farm 
May 3-6 
Kneer 
June 
farm 
8-12 
Howard Go. farm 
May 4-9 
McCormlck farm 
May 3-6 
fS/K 
days s /s X 100 
fS/K 
days VS50 
fS/K 
days V'^100 
fS/K 
days ^x/^100 
33 
50 
66 
75 
16.7 
51.7 
0.288 
0.891 
57.3 
52.2 
78.6 
1.098 
1.000 
1.507 
52.6 1.228 23.4 
37.4 
0.469 
0.750 
100 
125 
150 
200 
58.0 
48.9 
44.2 
50.2 
1.000 
0.843 
0.761 
0.865 
42.9 1.000 49.8 1.000 
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from spacing experiments in Iowa. The results, sonnmarized in 
Table 18, are very similar to those of Tables 16 and 17. It 
is interesting to note, although probably not significant, 
that the calctilated ratios in one case, the McCormick 
farm, are nearly identical to the ratios of the actual 
spacings. 
2. Glover's solution 
The spacing equation proposed by Glover can also be com­
pared with field data. One comparison can be made by applying 
Eq. [18] to the data of Kirkham and De Zeeuw. Considering the 
height of the water table at ij.:00 p.m. on December 7 as the 
initial condition, the spacing necessary to lower the water 
table to the position recorded for 8:00 a.m., December 8, can 
be calculated. Using again K = 100 mm/day, f = 2.5 per cent, 
and D = 86 + cm (drain axes at 9i|. cm below the surface), 
such calculations yield the comparison of Table 19. 
Table 19. 
Con5>arison of Glover's Equation with Data of Kirldiam 
and De Zeeuw for Water Table Heights at 
i|.:00 p.m., Dec. 7, and 8;00 a.m., Dec. 8 
Actual 
spacing 
m 
Calculated 
spacing 
m 
V^lO Difference % 
8 6.26 0.97 -21.8 
10 6.411. 1.00 -35.6 
12 6.78 1.05 
-43.5 
16 9.48 1.47 -40.7 
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Here, as in the case of the ellipse equation, the theory 
results in a slower rate of change in spacing than was ob­
served in the field, as evidenced by the last colxamn of the 
table. This column shows a change in percentage of difference 
between calculated and actual spacings from -21.8 to -ii.0.7 for 
an increase in actual spacing from 8 to 16 m. Since Glover's 
equation is based on the same assumptions as the ellipse equa­
tion, it is probable that here also this effect is caused by 
the omission of the convergence effect in the analysis. 
As before, there is some doubt about the proper value of 
K, but the value K = 100 mm/day is on the high side. Decreas­
ing it would simply decrease the calculated spacings and in­
crease the percentages of difference. Similarly, it could be 
argued that the value of D should be decreased, but that would 
again res\ilt in narrower spacings. 
Apart from the uncertainties that have already been men­
tioned, another objection could be raised against the treat­
ment leading to Table 19* For the initial condition used was 
the centerpoint of a curved water table, whereas the initial 
condition leading to Eq. [l8] was given as a flat water table 
for 0 < X < S (Figure 10). However, exactly the same solution 
will be fomd if the initial condition is given as y = y^ at 
X = S/2 when t = 0. Moreover, Duram himself proposed the use 
of the equation in this manner (15» P» 7). 
Nevertheless, it is interesting to make a comparison 
without the introduction of the initial condition as described 
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above. Writing the Glover equation in the form of Eq. [17], 
the spacing can be considered as fixed, the initial height of 
the water table taken to be at the surface and the height re­
ported for p.m. on December 7 as an intermediate position 
at time t^. Then the predicted position of the water table at 
time t^ + 16 hoxirs can be determined from Eq, [17]. This 
calculation was carried out and the results are tabulated in 
Table 20. 
Table 20. 
Drop in Water Table between i|.:00 p.m., Dec. 7, and 8:00 a.m., 
Dec. 8, Observed by Kirldiam and De Zeeuw Compared with 
Corresponding Drop Calculated from Glover's Equation 
Spacing 
meters 
Water 
Actual 
table drop, cm 
Calculated 
Difference 
% 
8 17.5 19.2 + 9.71 
10 25.0 27.3 + 9.20 
12 29.3 15.8 -1^.6.1 
16 11.8 9.6 -18.7 
Somewhat better agreement between theory and field data 
is obtained by this method of approach than was found by the 
previous method. This may be at least partly due to the more 
realistic assumption concerning an initial condition. The 
percentage columns of Tables 19 and 20 can, of course, not be 
compared directly. However, the logarithmic form of Eq. [18] 
would cause a great difference in water table drop for a 
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relatively small difference in spacing. Hence, one cannot 
account for the decrease in percentage of difference in the 
two methods on the basis of this relationship. Much of the 
difference is caused by the choice of D. For Table 19, it was 
assxamed that D = 86 + 7^/2 with the height of the water 
table at i| p.m., December 7. For Table 20, y^ was taken as 
94, the height of the svirface above the drain axes. Vfhereas 
this choice of D is in accordance with the procedure outlined 
by Dumm, it is highly Tonrealistic since it in effect assumes 
that flow will take place above the water table. Decreasing D 
would make the results of the second analysis of the same 
order as those of the first method. 
When one attempts to compare Glover's equation with the 
field observations made on the Gibbs faim, one encounters the 
difficxjlty that the depth to an impermeable layer is infinite. 
Considering the decreasing effect of the impermeable layer 
with increasing depth, the spacings have been calculated cor­
responding to the rates of drop encountered in the field for 
different values of d. These give an indication of the agree­
ment of the theory with field observations as well as of the 
effect of the impermeable layer on the theoretical results. 
The calculations were carried out for d = 1^., 8 and 12 
feet, with K = 10 feet/day and f = 5 P®r cent. The resulting 
spacings are given in Table 21 and the 
Table 22. 
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Table 21. 
Comparison of Glover's Equation with Data 
Collected on Gibbs Farm 
Actual 
spacing 
ft 
Spacing, ft. calculated for field data of: 
June 25-27 July 29-Aug. 2 Sept. 9' -12 
d=4 d=8 d=12 d=]j. d=8 d=12 d=4 d=8 d=12 
25 118 159 199 207 286 348 107 146 177 
50 99 137 167 175 237 287 109 148 178 
100 127 169 202 184 241 286 142 186 221 
300 230 298 354 26I4. 342 406 266 347 411 
Table 22. 
V^lOO Ratios for Spacings per Glover Applied to Gibbs Data 
Actual Sx/SioQ ratios corresponding to field data of; 
spacing June 25-27 jTily 29-Aug. 2 Sept. 9-12 
ft d=4 d=8 d=12 d=4 d=8 d=12 d=4 d=8 d=12 
25 
50 
100 
300 
0.93 0.94 0.99 1.13 1.19 1.22 0.76 0.79 0.80 
0.78 0.81 0.83 0.95 0.99 1.00 0.77 0.80 0.81 
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
1.81 1.76 1.75 1.43 1.42 1.42 1.88 1.87 2.00 
Inspection of the first of these tables shows that the 
calculated spacings varied far less than the actual. They also 
were considerably higher, but this could well be due to an 
improper choice of K and f. The actual ratio K/f coTild have 
varied by a factor 2 from the value of 200 used. The spacings, 
which vary as the square root of this ratio, may thus be said 
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to be of the right order of magnitude, although somewhat hi^. 
Changing the depth to the assumed impermeable layer changed 
the magnitude of the spacings considerably. In fact, in view 
of the findings of Hooghoudt and Van Deemter mentioned earlier 
that the effect of an impermeable layer is important if it is 
located at less than one-fourth the spacing below the drain 
axes, it is likely that even at 12 feet an impermeable layer 
has an effect that cannot be neglected. If that is the case, 
the spacings are definitely too wide, even if a factor of l.ii. 
is allowed in recognition of the unknown values of K and f. 
As brought out by Table 22, the calculated ratios 
varied far less than the corresponding ratios for the field 
case. Also, the choice of the depth of the impermeable layer 
hardly affected them. 
C. Discussion of Comparisons of Theory with Field Data 
In the interpretation of data by methods such as those 
used in the foregoing discussion, one must keep in mind that 
the theory only takes into account the movement of water due 
to gravitational forces through those regions that are com­
pletely water saturated and above atmospheric pressure. In 
practice, however, there will be some flow through the capil­
lary fringe and the evapo-transpiration processes will also 
cause water removal. Either of these processes or both could 
be of considerable magnitude. 
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Por the experiment of Kirkham and De Zeeuw, seeded to 
clover, it was reported that evapo-transpiration losses were 
negligibly small. In the other cases, no information is 
available beyond the fact that the various fields were planted 
to different crops. The area on the Goodwin fairo was in meadow 
dxaring 1953» the field on the Howard County farm in com, that 
on the McCormick farm in oats and that on the Eneer farm in 
corn. The 1914-6 crop on the Gibbs experiment was not reported. 
Considering the limited knowledge concerning the evapo-trana-
piration rates, no efforts were made to take them into accoxint. 
Similarly, lack of data concerning the height of the capillary 
fringe made it impossible to apply a correction for its effect. 
Had coi^rections been made for these effects, then the 
calculated spacings would have been greater than those based 
solely on gravitational flow below the water table. 
Ptarthermore, there is the possibility of error due to 
poor response of the observation wells to changes in the water 
table and the inevitable heterogeneity of the soil assumed to 
be homogeneous. The large nimiber of observations that were 
averaged to give the data used for the analysis and the con­
sistency of the results are a convincing indication that this 
type of error need not be of undue concern. 
Notwithstanding the limitations that must be put on the 
validity of the comparisons, several conclusions can be drawn. 
When only the relationship of the height of the water 
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table midway between drains and the spacing is considered, the 
analyses based on the Dupuit-Porchheimer asstoaptions, such as 
Donnan's ellipse equation and Glover's equation for the chang­
ing water table, were found to have two serious shortcomings. 
First, they generally resulted in greater spacings than re­
quired in the range of practical significance. Secondly, they 
showed a smaller effect of water table behavior on spacing 
than was found in the field. Both of these deviations can be 
explained by the fact that these analyses do not take into 
accotuat the effect of the convergence of flow into the drains. 
For the steady state problem, the semi-empirical combina­
tion of radial flow and horizontal flow as proposed by 
Eooghoudt seemed to represent the actual condition fairly well. 
In view of the uncertainties involved in determining the soil 
characteristics, there is little need for a better approxima­
tion. Van Deemter's analysis gave resvilts very much like 
those of Eooghoudt. 
In the case of a falling water table, no better solution 
has as yet been proposed than that offered by Glover. This 
statement is not to be interpreted as acception of Glover's 
equation, but rather as recognition that no good solution is 
available at present. The objections raised to Walker's 
analysis on theoretical gro\mds were substantiated by compari­
son with field data. In all cases studied, representing a 
wide range of soil conditions and climates, the spacings 
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calculated by VJalker's equation were so much greater than the 
actual spacings that one must conclude that the equation can­
not be used even as a rough approximation. The inconsistency 
of the S^/S^QQ and ratios when compared to the actual 
cases also makes it doubtful whether the equation is valuable 
for a study of the relative effects of different spacings. 
As to the agreement between Van Deemter's equations for 
the shape of the water table and field observations, it may be 
said that the theory resulted in higher water tables near the 
drains than were actually observed. This is in accordance 
with the theoretical observation made in an earlier section 
that the theory could only be e::qpected to apply to very small 
diameter drains with restricted outlets. 
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VI. SUMMARY AND CONCLUSIONS 
A field laboratory, designed to study the effect of the 
depth and spacing of tile drains on the rate of drawdown of 
the water table, was installed. The installation consisted of 
15 parallel tile lines installed at two depths in a field of 
McPaxil silt loam in such a manner that each line could be 
closed off or opened as desired and of a sheet metal barrier 
6 feet deep all aroxind the field. 
The hydraulic conductivity of the upper 5 feet of soil 
was foimd to vary from about 10 to 20 feet/day and from 5 to 
5-1/2 feet deep it was found that K < 1.0 foot/day. In the 
upper layer of 5 f®®t the soil was found to be anisotropic 
with a probable ratio = 3« 
By means of 3-^ch core samples, the drainable porespace 
was determined as 5 per cent. Peimeability determinations 
from the cores were unsatisfactory. 
Numerous observations on the rate of drawdown of the 
water table from a position about 6 inches below the surface 
showed insignificantly small differences due to tile spacing. 
This phenomenon can partly be explained by the anisotropy of 
the soil, but was primarily due to the high rate of deep 
seepage loss. The deep seepage loss, accotmting for close to 
90 per cent of the total discharge, was probably the result of 
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the extremely dry season. In a season more nearly normal than 
the past, it is expected that the natiiral water table outside 
the barrier would be sufficiently higher to reduce the amotuat 
of deep seepage to a value where it would not interfere with 
the comparison of drawdown rates due to tile spacing. 
The assumptions of horizontal flow and of radial flow as 
they apply to the theoretical treatment of drainage problems 
were evaluated. Various solutions based on these assumptions 
were analyzed as to their advantages and weaknesses. It has 
been shown that a judicious combination of assumptions of both 
radial and horizontal flow can lead to a valuable and reliable 
approximation of the actual steady state problem but that the 
use of either assumption alone leads to serious inconsistencies 
in cases of steady as well as non-steady state problems. 
The analysis of steady state drainage problems by means 
of the hodograph method was investigated and Van Deemter*s 
hodograph solution was verified. It was shown that, although 
no objections can be raised against Van Deemter's treatment, 
his solution only applies to cases that are unlikely to occur 
in practice. It is restricted to \inrealistic£G.ly small drain 
diameters rtmning under pressure. 
Finally, several of the solutions criticized on theoreti­
cal grounds were tested against field observations. The field 
data used for these comparisons were gathered at different 
times and locations by different investigators. 
The comparisons substsintiated the previous findizigs that 
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the solutions based on the assumption of horizontal flow devi­
ated from the field conditions because of the omission of the 
convergence effect. The rate of change of the calculated 
spaclngs was less than that of the actual spaclngs, but when 
convergence was taken Into account by a combination of the 
assumptions of radial flow and horizontal flow the rates of 
change of the spaclngs in the field and those determined theo­
retically were nearly equal. Furthermore, the actual spaclngs 
were generally less than those calcxilated when purely hori­
zontal flowws assumed. 
In view of the close agreement between calculations using 
Hooghoudt's tables which are based on a combination of radial 
and horizontal flow assumptions and actual conditions, and 
considering the simplicity of the use of these tables, it 
appears that this method can be recommended as the best avail­
able for the solution of steady state drainage problems. 
The equations of Van Deemter deviated from the field ob­
servations in a manner attributable to the discrepancy between 
the actual size of the tile and the tile size required for the 
theory to apply. 
Walker's radial flow equation for the falling water table 
resulted in spaclngs far greater than found in the field. 
This again was in accordance with the theoretical discussion. 
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Appendlx A. Proof of Equivalence of 
Eqs. [39] and [i|.0] 
It must be shown that 
In rj^-| In = 0 
n  =  0 , 1 » - 1 > 2 , - 2 ,  . . .  
m = 1,2,3, ... , M=2k 
[93] 
In Figure 29, M is taken as 10. Any other even nimber could 
have been used as well. 
Considering the first sum on n, 
S2 In r. = InTTTT r, 
mn Amn m n Amn 
^ ^ ^A,1,0 * ^A,10,-1 * ''A,2,0 * ^A,9,-l ^ 
>j / S S 3S 3S \ 
=  2 1 n n  .  
p=l ^ 
Similarly, the second sum on n can be written 
22 In = In TTTf r 
mn m n Bmn 
~ ^ ^ 'B,5,0 * 'B,6,0 * ^B,l4.,0 ' 'B,7,0 
1M / S S 3S 3S \ 
q-1 " 
GROUND SURFACE 
WW '//// \\\\S ////' N\\\ //// WW /•//•/ TTTT-TTT^ 
m: 
n; 
7  .  ?  . q I  .  ?  .  ^ 1  •  ^  ^  * 6 '  •  ^  7 . 9 .  
I PI 
A r i T 
BOUNDING ISTREAMLINp 
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Figure 29. Geometry and Symbols Used in Deriving Eq. [1|0]. 
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Substltutlng these two identities into Eq. [93], there 
resiilts 
oo 
H  ' t o n  -  ^  ' B « n >  = 2 ^ 3  -
CO 
2  I n  n  =  0 ,  q . e . d .  
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Appendix B. Illustration of Use of Hoogjioudt's 
Tables for Computation of Drain Spacing 
1. General procedure 
Designating the height of the water table above the drain 
axes midway between drains as m, and immediately over the 
drains as Eq. [12] may be rewritten with the substitutions 
H a d + m and h = d + m^ as 
o o o 
S = {4Kd/Q3^)(m-m^) + (SK/Qj^) (m^-m^) 
or 
S = (8Kd/Q) (m-m^) + (i|X/Q) (m^-m^) 
In the case of open ditches, d represents the height of the 
water level in the ditch above the impermeable layer, making 
m^ = 0. In the case of tile drainage, it is generally safe to 
assume m^ = 0 as well. Where the horizontal flow asstuaption 
fails, d may be replaced by d_, the depth to an "equivalent 
impermeable layer." Thus, in all cases, the appropriate 
equation may be written as 
S = 8Kd^m/Q + . [914-] 
Hooghoudt's Table 5 ( 3 0 »  P P *  656-69lj.J lists values of d_ for 
© 
given S, d and , where represents the drain radius or 
equivalent ditch dimension. In Hooghoudt*s notation, S Is 
replaced by L, d by H, and d_ by d. 9 
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Given the values of K, d, Q, and m, one assumes the 
proper spacing S, determines with the aid of r^, d and the 
assumed S the corresponding d^, and calculates the resulting S 
from Eq. If the assumed and calculated S-values do not 
agree, another trial is made. 
2. Examples 
( 1 )  G i v e n  a  s e m i - i n f i n i t e ,  h o m o g e n e o u s  s o i l  w i t h  K  =  
0.21^. m/day; r^ = ij. cm; desired depth of drains 80 cm; precipi­
tation to be removed, N = 5 mm/day; minimum permissible dis­
tance of water table below surface, $0 cm. Determine the 
proper spacing. 
Assuming, in Hooghoudt*s notation, L == 10 m, then Table 
5.2 gives, with H = 00 and r^ = O.Oi}., the equivalent depth 
d = 0.90 m. Also, Q = LN = 0.05 m^/day-m. Thus 
L  =  ( 8 ) { 0 . 2 l 4 . ) ( 0 . 9 0 ) { 0 . 8 0 - 0 . 5 0 ) / ( 0 . 0 5 )  +  ( l 4 . ) ( 0 . 2 i i . ) ( 0 . 0 9 ) / ( 0 . 0 5 )  
= 10.37 + 1.73 = 12.10 m 10 m . 
L  =  8 ( 0 . 2 i | . )  ( 1 . 0 0 )  ( 0 . 3 0 ) / ( 0 . 0 5 7 5 ) + 4 ( 0 . 2 1 i . ) ( 0 . 0 9 ) / ( 0 . 0 5 7 5 )  
= 10.00 + 1.50 = 11.50 m. 
Since assumed and calculated spacings are identical, the 
proper spacing here is 11.50 meters. 
For a second trial, assume L = 11.5 Then 
day-m and d = 1.00 m. Thus 
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( 2 )  G i v e n  a  h o m o g e n e o u s  s o i l  w i t h  a n  i m p e r m e a b l e  l a y e r  
2m below the surface; K = 3*0 m/day; rainfall 5 ran/day; 
desired drain depth 1.00 m; minimum allowable distance of 
water table below surface ^0 = 10 cm. Determine the 
proper spacing. 
Assume L = i^-O m. Prom Table with H = 2.0-1,0 == 1.0 
m ,  d  =  0 . 9 6  m .  A l s o ,  Q  =  i | . 0  x  O . O O 5  =  0 . 2 0  n ^ / d s L j - m .  H e n c e  
X .  =  ( 8 ) ( 3 } ( 0 . 9 6 ) ( 0 . 5 0 ) / ( 0 . 2 0 ) + { i ] . ) ( 3 ) ( 0 . 2 5 ) / ( 0 . 2 0 )  
= 57.6 + 15.0 = 72.6 m 14.0 m . 
Next try L - $0 m with corresponding d = O.96 m and Q = 
0.25 m^/day-m. Then 
L  =  ( 8 ) ( 3 ) ( 0 . 9 6 ) ( 0 . 5 0 ) / ( 0 . 2 5 ) + ( i 4 . ) ( 3 ) ( 0 . 2 5 ) / ( 0 . 2 5 )  
= 1].6.0 + 12.0 = 58*0 ® 50 
Finally, try L = 5^1- ™ with Q = 27 and d = O.96. Then 
L  =  i 4 . 2 . 7  +  1 1 . 1  =  5 3 . 8  m .  
This is nearly enough to the assumed 5^ in- Thus, the spacing 
required is about meters. 
